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PEEFACE 

The plan of this treatise on the elements of Geometry has 
not departed materially from that of the older texts on the- sub- 
ject. Instead of stating a theorem, or problem, and leading the 
student to discover the demonstration, or solution, by means 
of questions and suggestions as is done by many recent texts, 
each demonstration, or solution, is given in its complete, logical 
form and is intended as a perfect model of form and logic. 

Ample opportunity for cultivating the originality and exer- 
cising the ingenuity of the student is afforded by the numerous 
exercises throughout the book. 

Many numerical exercises testing the student's grasp of the 
subject, and promoting his familiarity with the facts and prin- 
ciples enunciated, and the careful grading of all exercises per- 
fected by actual test in the classroom, are features of the work. 

W. H. B., 

Denton, Texas. 

Georgetown, Texas. 
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INTRODUCTION. 

1. Mathematics is the science which investigates the prop- 
erties and relations of quantity. Geometry, like arithmetic 
and algebra, is a branch of mathematics. 

In arithmetic quantities are expressed by numbers and the 
various operations are performed with numbers. 

In algebra quantities are represented by letters and the 
operations and relations are denoted by symbols. 

Geometry treats of quantities as magnitudes having form 
and space relations. It is based upon a limited number of 
simple principles, the statement of which must be preceded 
by clearly enunciated definitions. 

2. Space is assumed to extend indefinitely in all directions. 
Every body, whether material or immaterial, must occupy a 
limited portion of space. 

3. A solid, or volume, is a limited portion of space with 
three dimensions — length, breadth, and thickness. 

4. A surface is that which separates one volume from 
another. It is the common boundary of two volumes. A sur- 
face has two dimensions, length and breadth. 

5. A line is the common boundary of two surfaces. It has 
one dimension, length, 

1 



2 PLANE GEOMETRY. 

6. The intersection of two lines is a point A point has 
position, but no dimension. 

A point is no part of a line ; a line, no part of a surface ; 
and a surface, no part of a solid. 

A moving point generates a line ; a moving line generates, 
in general, a surface; and a moving surface generates, in 
general, a solid, or volume. 

7. For the purpose of investigating the properties and 
relations of magnitudes, we make drawings showing combinar 
tions of points, lines, surfaces, and volumes. These drawings 
are called geometrical figures, but it must be understood that 
these are only representations of geometrical conceptions, 
which are, themselves, purely ideal. 

In geometry the substance composing a solid is of no impor- 
tance, whatever. A block of wood or of stone is a physical 
solid; the space it occupies is a geometric solid. The province 
of geometry, therefore, is position, form, and magnitude. 

8. A point is represented by a dot, and designated by a 
letter placed near it, as A. A line is q 
represented by a mark, and designated 
by two letters, placed one at each end, ° 
as BC, or by a small letter placed near 
the line, as a. A surface is represented ^ ^ 
and designated by the lines which bound it, as DEFG. 

LINES. 

9. A straight line is a line which is determined by any two 
of its points, as AB. 




A* 




A B 



10. From the definition of the straight line it follows : 

(a) A straight line is the shortest path between two points. 



INTRODUCTION. 8 

(b) Two straight lines can intersect in only one point, and 
if two straight lines have two points in common, they coincide 
throughout. 

11. The word line, when used alone, is understood to mean 
a straight line of indefinite length. It is also used to denote 
a definite portion of such line. Where the meaning would be 
doubtful, a straight line of definite length is called a line seg- 
ment, or a sect. 

When a limited straight line, or sect, is divided into two or 
more parts, each part is called a segment of the line. 

12. Two lines, or sects,, are said to be equal when the ex- 
tremities of one may be made to coincide with the extremities 
of the other. 

13. The mid-point of a line is the point that divides it into 
two equal parts. The mid-point is said to bisect the line. 




C D 

14. A curved line, or curve, as CD, is a line no part of which 
is straight. 

15. A broken line is composed of a succession of straight 
lines. EF is a broken line. 

SURFACES. 

16. A plane is a surface such that the straight line, joining 
any two of its points, lies wholly in the surface. 

17. A curved surface is a surface, no portion of which, how- 
ever small, is a plane. 

18. A plane figure is a figure all points of which lie in the 
same plane. 




4 PLANE GEOMETRY. 

19. A rectilinear fig^ure is a plane figure bounded by straight 
lines. 

20. A curvilinear figure is a plane figure bounded by curves. 

21. A circle is a curve traced by a point so moving in a 
plane that its path is everywhere equidis- 
tant from a fixed point in the plane. 

The fixed point is called the center of the 
circle. 

The fixed distance from the center to the 
circle is called the radius. 

The length of the circle when considered 
with reference to the radius was formerly called the circum- 
ference. 

Any part of the circle is called an arc. 

SPECIAL QEOMETRIC TERMS. 

22. An axiom is a truth assumed to be self-evident. Axioms 
are common to all sciences. 

23. A geometric axiom is an axiom peculiar to the science of 
geometry. 

24. A postulate is a geometric construction so simple that 
its performance is readily granted. 

25. A theorem is a statement requiring proof. The enuncia- 
tion of a theorem consists of two parts : the hypothesis, or that 
which is assumed ; and the conclusion, or that which must fol- 
low from the hypothesis. 

26. A demonstration, or proof, is a train of reasoning by which 
the truth of a statement is established. 

27. A problem is the statement of a proposed geometric 
construction. 
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By construction is meant the drawing of such straight lines, 
curves, or figures, as are necessary to satisfy the conditions of 
a problem or to aid in the demonstration of a theorem. 

28. A proposition is either a theorem or a problem. 

29. A corollary is a consequence, obvious, or easily deduced 
from a proposition or a definition. 

30. GENSRAL AXIOMS. 

1. Things which are equal to the same thing are equal to 
each other. 

2. If equals are added to equals, the sums are equal. 

3. If equals are subtracted from equals, the remainders are 
equal. 

4. If equals are multiplied by equals, the products are equal. 

5. If equals are divided by equals, the quotients are equal. 

6. If equals are added to, or subtracted from, unequals, the 
results are unequal in the same order. 

7. The whole is gi*eater than any of its parts. 

8. The whole is equal to the sum of all its parts. 

9. If of three quantities, the first is greater than the second, 
and the second greater than the third, then the first is greater 
than the third. 

31. GEOMETRIC AXIOMS. 

1. Between two points only one straight line can be drawui 

2. Through a given point only one straight line can be drawn 
parallel to a given straight line. (See § 136.) 

3. A geometric figure may be moved to a new position with- 
out changing its form or size. 

4. Geometric figures which can be made to coincide are equal. 

32. POSTULATES. 

1. Between two given points a straight line can be drawn. 

2. A straight line may be produced indefinitely. 
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3. A circle may be described with any point as center, and 
with any radius. 



33. 



SYMBOLS ilND ABBREVIATIONS. 



ax. . < 


. . axiom. 


O . . . circle. 


cor. . . 


, . corollary. 


+ . . . plus. 


def. . , 


> . definition. 


— . . . minus. 


iden. . . 


. identity. 


X . . . multiplied by. 


prop. . , 


, . proposition. -#-, 


/,:.•. divided by. 


post. . , 


, . postulate. 


= ... is equal to or equivalent to. 


CODS. . . 


. construction. 


'N' ... is similar to. 


hyp. . , 


. • hypothesis. 


a ... is congruent to. 


rect. . . 


. . rectangle. 


> ... is greater than. 


rt. • , 


. • right. 


< •' . . is less than. 


St. . , 


. . straight. 


± ... is perpendicular to, or a 


4- •. 


. • angle. 


perpendicular. 


A 


» . triangle 


// . . . is parallel to, or a parallel. 


O . , 


. . parallelogram 




Q. B. D. 


(quod erat demonstrandum), which was to be proved. 


Q. B. F. 


(quod erat faciendum), 


which was to be done. 


NOTB. ' 


The foregoing are used also in the plural, as — means " are 


equal to,'* i 


IS well as *^ is equal to.' 


» 



THE DEMONSTRATIONS OF GEOMETRY. 

34. Geometry, as a science, enables us to construct figures, 
to discover their properties, jand to determine their measure- 
ments. It is studied, not only for the acquisition of such val- 
uable knowledge, but for training in the use of exact and 
concise forms of expression, and for the development of the 
logical powers. 

35. Mementary geometry is divided into two parts : plane 
geometry and solid geometry. 

Plane geometry treats of plane figures only. Solid geometry, 
or geometry of three dimensions, treats of figures which are 
not plane. 
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36. The demonstrations of geometry are based upon defini- 
tions, axioms, and upon theorems that have been previously 
proved. The usual form of proof is the direct demonstration, 
but it is often more convenient, and sometimes necessary, to 
use the indirect method, which consists in showing that an ab- 
surdity results from the assumption of the falsity of the state- 
ment, the truth of which is sought to be established. 

37. The steps in the demonstration of a proposition have a 
logical order : 

1. The general enunciation — with the hypothesis and the 
conclusion. 

2. The special enunciation as applied to the figure used in 
the demonstration. 

3. The construction or drawing of auxiliary lines, when 
necessary. 

4. The demonstration, or proof. 

38. When two theorems are so related that the conclusion 
of the first is the hypothesis of the second, and the hypothesis 
of the first is the conclusion of the second, each is said to be 
the converse of the other. 

39. When a theorem is formed by stating the negative of 
both the hypothesis and the conclusion of another theorem, 
each is said to be the opposite of the other. 

Example : Direct. ltA = B, then C — D, 
CoNYEBSE. If C = D, then A = B, 
Opposite. If ^ is not = J5, then C is not = D. 

40. It does not follow, as a matter of course, that either the 
converse of a theorem or its opposite is true. 

41. If the converse and the opposite of any statement are 
both true, then the statement is true. 



Book 1. 
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DEFINITIONS. 

42. The divergence of two straight lines from a common 
point is called a plane angle or simply, an angle. 

The amount of this divergence, and not the length of the 
lines, determines the magnitude of the angle. 

43. The common point is called the vertex, and the lines 
are called the sides of the angle. 

44. Two angles are said to be equal, when their sides .have 
the same divergence, so thai they may be made to coincide by 
applying one to the other. 





45. When an angle stands alone, it may be designated by a 
letter at its vertex, as the angle A, 

When two or more angles have a common vertex, each angle 

is designated by three letters, the letter at the vertex being 

always written between the other two, as the angle ABC or 

the angle CBD, 

8 
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It is often convenient to designate an angle by a small letter 
or a figure placed between its sides near the vertex, as the 
angle a, or the angle 2. 

c 




46. Two angles are called adjacent angles when they have 
the same vertex and a common side between them, as the 
angles AOB and BOC. 




Vy 



47. Two angles are called vertical angles when the sides of 

one are the prolongation of the sides of the other. 

The angles a and x are vertical angles; also the angles 

h and2(« 

C 




48. An angle is said to be bisected when it is divided into 
two equal parts. The line bisecting an angle is called its 
bisector. BC is the bisector of the angle ABD, 



K 



49. When the sides of an angle form a straight line, the 
angle is called a straight angle, as the angle DBF, 
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60. From the definition of a straight line (§ 10, 6), it is evi- 
dent that all straight angles are equal. 

51. If a straight angle is bisected (§ 48), each of the two 
parts is called a right angle. c 

Thus, if the line CO meets the line AB, 
so aa to divide the straight angle BOA 
into two equal angles, -BOC and COA, each 



of these angles is a right angle. A O B 

A right angle is half a straight angle, and since all straight 
angles are equal (§ 50), all right angles are equal. 

52. When two straight lines meet so as to form right angles, 
each line is said to be perpendicular to the other. Thus, in the 
accompanying figure, CO and AB are perpendicular to each 
other. 

CO is called the perpendicular from the point (7 to the line AB, 
and the point is called the foot of the perpendicular CO, 

Since all right angles are equal, it follows that only one per- 
pendicular can be drawn to a given line at a given point in the 
line. 

53. When the adjacent angles formed by two intersecting 
straight lines are unequal, each angle is 
called an oblique angle, and the lines are 
called oblique lines. Oblique angles are 
acute, obtuse, or reflex. 

54. An acute angle is less than a right 
angle, as ABD. 

55. An obtuse angle is greater than a right angle and less 
than a straight angle, as ABH, 

56. A reflex angle is greater than a straight angle and less 
than two straight angles, as ABE. 




KECTILINEAR FIGURES. 11 

57. Suppose the line AB to coincide at first with the line 
A.Cj and then to turn about the point A ^^ 



as a pivot, assuming in succession vari- 
ous positions, as AB, AD, AE, AG, etc. 
The moving line is said to describe the N^^ 



/' 



F Ar.^ C 



angles CAB, CAD, CAE, CAF, CAG, etc. ^ / 

When the line AB has made one / i> 

fourth revolution it has described a right 
angle ; when it has made a half revolution it has described a 
straight angle ; and when it has made a complete revolution 
it has described a perigon. A perigon is equal to the sum of 
two straight angles. 

68. To measure an angle is to find its ratio to another angle 
taken as a unit of measure. The straight angle is usually 
taken as the unit of measure. For convenience the perigon 
is supposed to be divided into 360 equal parts, called degrees ; 
a degree, into 60 equal parts, called minutes; and a minute, 
into 60 equal parts, called seconds. 

A perigon contains 360 degrees; a straight angle, 180 de- 
grees ; and a right angle, 90 degrees. 

Degrees, minutes, and seconds are expressed, respectively, 
by the symbols, °, ', ". 

59. Two angles whose sum is a right angle are said to be 
complements of each other, and are called complementary angles. 
Two angles whose sum is a straight 
angle are said to be supplements of each 
other, and are called supplementary angles. 
Two angles whose sum is a perigon are 

said to be conjugates of each other, and are "^ q 

called conjugate angles. 

In the annexed figure in which DO is perpendicular to AB, 
the angles BOO and COD are complementary; the angles 
BOC and COA are supplementary. 
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In general, if two lines are drawn from the same point, 0, 
two conjugate angles a're formed. Of 
these the smaller is always understood by 
"the angle 0" unless the contrary is 
stated. [ o* 

60. It follows from axiom 3 that com- 
plements of equal angles are equal ; that supplements of equal 
angles are equal; and that conjugates of equal angles are 
equal. 

QUESTIONS. 

1. If an angle is f a right angle, what is its complement ? 

2. If an angle is ^ a right angle, what is its supplement ? 

3. If an angle is f a right angle, what is its conjugate ? 

4. What is the complement of an angle of 30' ? of 10** ? of 
18° ? 

5. If a right angle is taken from an obtuse angle, what kind 
of angle is left ? 

6. If a right angle is taken from a reflex angle, what kind 
of angle is left? 

7. What kind of angle is the supplement of an obtuse angle ? 

Proposition I. Theorem. 

61. If two straight lines intersect each other ^ the sum 
of two adjacent angles thus formed is equal to a straight 
angle. 




Giiren the straight line DB intersecting the straight line AC at B 
To prove ^ ABD + ^ DBC = st. 1^. 
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Proof. Because ABC is a straight line, Hyp. 

^ ABC is a St. ^. § 49 

But ^ ABD + :^ 2>-B(7 = ^ ^JJC. Ax. 8 
/. X ABD + X DBC= St. X. 

Q. S. D. 

62. Cor. 1. The sum of all the angles about a point on one 
side of a straight line passing through the point is equal to a 
straight angle, 

63. Gob. 2. The sum of aU the angles about a point is equal 
to two straight angles. 



Ex. 1. Prove that the bisectors of two sapplementary adjacent angles 
are perpendicular to each other. 



Proposition II. Theorem. 

64. If the sum of two adjacent angles is equal to a 
straight angle, tJieir exterior sides form a straight line 
(converse of § 61). 



ABC 

Given two adjacent angles, ^ CBD + '^ DBA = at. ^. 

To prove AB and BC form a straight line. 

Proof. ^ CBD + ^ DBA = st. ^. Hyp. 

But ^ CBD + ^ DBA = ^ CBA. Ax. 8 

Hence ^ CBA is a st. ^. Ax. 1 

ABC is a straight line. § 49 



« a 



Q. B. D. 
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Pbopositiox III. Theorem. 

65. If two straight lines intersecty the vertical angles 
are equal. 

fB 




Given the lines AB and CD intersecting at 0. 

To prove ^ AOC = ^ BOD, and ^. COB = ^ AOD. 

Proof. :^AOC-\-^COB = ^t.'^, §61 

(TjT tvoo 8t. lines intersect each other, the sum of two adjacent 'X.s thus 

formed = St, y,^ 

Also ^ BOD + ^ COB = St. ^. § 61 

.-. ^AOC -f ^COB = ^ BOD + ^ COB. Ax. 1 
Subtracting the common ^ CO-B, 

:^ AOC =:^ BOD. Ax. 3 

Similarly, ^ CO^ = ^ ^ 02). q. e. d. 

66. Cor. If one oftfiefour angles formed by two intersecting 
lines is a right angle, the other three are right angles. 



Ex. 2. How many degrees in an angle if it is double ite complement ? 

Ex. 3. How many degrees in an angle if its supplement is four times 
its complement ? 

Ex. 4. How many degrees in an angle whose supplement is three times 
its complement ? 
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Sz. 6. If one of the angles made by two intersecting lines is 60°, how 
many degrees are there in each of the other angles ? 

Ex. 6. The bisectors of two vertical angles form a straight line. 

Ex. 7. The bisector of an angle bisects its vertical angle. 

Ex. 8. If two lines intersect, making the sum of one pair of vertical 
angles equal to twice the sum of the other pair of vertical angles, what is 
the value in degrees of each angle ? 

TRIANGLES. 

67. A triangle is a figure bounded by three straight lines. 
ABO is a triangle. 

68. The sides of a triangle are the lines which bound it. 
The sum of the sides is the perimeter. 

69. The base of a triangle is the side 
upon which it is supposed to stand. 
Any side may be taken as the base. 
The angle opposite the base is the verti- 
cal angle^ and the angles adjacent to the 
base are the base angles. 

These three angles are called the angles of the triangle, and 
the vertices of these angles are called the vertices of the tri- 
angle. 






70. The altitude of a triangle is the perpendicular from the 
vertex of the vertical angle to the base or the base produced. 
CD is an altitude of the triangle ABC, 

71. The bisector of a triangle is a line that bisects an angle 
and is produced to meet the opposite side. CS is a bisector. 
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72. A median of a triangle is a line from a vertex to the 
mid-point of the opposite side. CM is a median. 

C 





M B 

13, A triangle has three altitudes, three bisectors, and three 
medians. 

74. An exterior angle of a triangle is 
the angle formed by one side and the pro- -^ D F 
longation of another side. CDF is an exterior angle of the 
triangle ACD. 

75. Similar figures are figures having the same form. 
Equivalent figures are figures having the same size. Con- 
gruent figures are figures having the same form and the same 
size. 






Scalene. 



Isosceles. 



Equilateral. 



76. Triangles are classified according to the relative lengths 
of their sides or the relative magnitudes of their angles. 

77. A scalene triangle has no two sides equal. 

78. An isosceles triangle has two equal sides. The equal 
sides are called the legs, and the third side, the base of the 
triangle. 

79. An equilateral triangle has three equal sides. 
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Right. 



Obtuse. 



Acute. 



80. A right triangle has one right angle. The side opposite 
the right angle is called the hypotenuse, and the other two 
sides, the legs. 

81. An obtuse triangle has one obtuse angle. 

82. An acute triangle has three acute angles. 

83. An equiangular triangle has its three angles equaL 

84. Triangles are mutually equilateral if their sides are re- 
spectively equal, and mutually equiangular if their angles are 
respectively equal. 






Bqniangular. 



Mutually Equiangrular 
Triangles. 



85. In similar figures the corresponding vertices, sides, 
or angles are called homologous. In congruent figures the 
homologous part? are equal. 



1 
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Proposition IV. Theorem, 

86. Any side of a triangle is less than the sum of the 
other two, and greater than their difference. 




A 

Given any A ABC. 

To prove I. any side, as AC< AB + JBC 
II. AC>AB-Ba 

Proof. I. AC is a straight line. § 67 

.\AC<AB-hBCy §10 (a) 

(a stMne is the shortest path between two points), 

11. ABkAC-j-BC, 

by first part of the proof. 

Subtracting BC from each side of this inequality, 

AB-^BO<AC, Ax. 6 

or AC>AB-- BC. q. b. d. 



Ex. 9. The perimeter of a triangle is greater than twice any one of 
its sides. 



Question. Why is it incorrect to state as a definition that a straight 
line is the shortest distance between two points ? 
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Proposition V. Theorem. 

87. The sum of any two sides of a triangle is greater 
than the sum of any two lines from, any point within 
the triangle to the extremities of the third side. 




^ven the lines PB and PC from any point P within the triangle 
ABC to the extremities of BC. 

To prove AB + AC > PB -\- PC. 

Proof. Produce BP to meet AC at D. 



Theu 


AB-\-AD>BD. 


§ 10 (a) 


Adding DC, 


AB + AD + DOBD + DO, 


Ax. 6 


or 


AB + AC>BD^DC. 




But 


PD-\-DC>PC 


§ 10 (a) 


Adding -BP, 


BP + PD + DC>BP-\-PC, 


Ax. 6 


or 


BD + DC>BP+Pa 




But 


AB + AC>BD + DC. 


Just proved 




.'. AB-hAC>BP + PC. 


Ax. 9 



Q. B. D. 

88. Def. Collinear points are points that lie on the same 
straight line. 

99, Dtv, Cbhcuirent lines are lines that pass through the 
same point. . - '' . 

.. t ~j ... k; .. ■ ■' • • ■■ ■• ■ 

:,9ft I>EF,.jThe jjen«ndiicuUr biseirtor p^ a line is the line 
perpendicular to it at its midpoint, . 
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Proposition VI. Theorem. 

91. Two triangles are congruent if they have tioo 
sides and the, included angle of the one equal, respec- 
tively, to two sides and the included angle of the other. 





A B 

Given the As ABC and AT&'C, in which AB = A'B', AC » A'C, 
and ^ A = ^ A'. 

To prove A ABC ^ A A'B'C 

Proof. Place A ABO upon A A'B^O' so that A shall fall on 
A* and AB on its equal A'B\ 

Since ^A = ^A\ the side AC will fall along A'C and will 
coincide with A'C, its equal, and C will fall on (7. 

Hence BC must coincide with B*C. § 10 (6) 

.•. the As ABC and A'B'C^ coincide throughout, or are con- 
gruent. Q. B. D. 

92. Cor. Two right triangles are congruent if the legs of one 
are equal, respectively, to the legs of the other. 

93. The Method of Superposition. To superpose one figure 
on another is to place one on the other so that all the parts of 
the one coincide with the corresponding, or homologous, pai*ts 
of the other. 

This method of establishing the congruence of figures is 
called the method of superposition. It should be employed 
only in fundamental propositions, and, in using it, the student 
should be careful to conform to the following order : 

1. Beginning at a given point, place a given line upon its 
corresponding line. 
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2. Note that because of equality of angles, adjacent given 
lines must take the direction of corresponding lines. 

3. Because of the equality of lines, or the intersecting of 
coincident lines, corresponding points must coincide. 



Ex. 10. How many degrees in an angle if it is one fiftli its conjugate ? 

Ex. 11. How many degrees in the angle whose conjugate is equal to 
twice the sum of the supplement and the complement? 

Proposition VII. Theorem. 

94. Tivo triangles are congruent if they have two 
angles and the included side of the one equals respec- 
tively, to two angles and the included side of the other 
(reciprocal of § 91). 





A . B A' B" 

Given As ABC and A'B'C, having AB = A'B', :^ A = ^ A', and 
^B = ^B'. 

To prove A ABC ^ A A'B'C, 

Proof. Place A ABC upon A A'B^C so that AB shall coin- 
cide with A^B\ the point A falling on A^ and B on B\ 

Now, since ^ ^ = ^ ^' and ^ 5 = ^ 5', AC will fall along 
AV and BC along BC. 

,\ the point C will coincide with the point (7, § 10 (p) 

(two 8t. lines can intersect in only one point), 

.'.As ABC and AB^C^ coincide throughout, or are con- 
gruent. Q.B.D. 
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95. Cob. Two right triangles are congruent if a leg and an 
adjacent acute angle of the one are equal, respectively, to a leg 
and an adjacent acute angle of the other, 

96. Reciprocity. Some pairs of geometric concepts have a 
mutual dependence upon each other, as line (determined by 
two points) and point (determined by two intersecting lines), 
etc. The names of such concepts are called reciprocal terms ; 
and two theorems, as § 91 and § 94, each formed from the 
other by the interchange of reciprocal terms, are called recipro- 
cal theorems. 

It does not follow, as a matter of course, that because a theo- 
rem is true, its reciprocal is true. 

97. RECIPROCAL TERMS. 

point, line, 

angle (or vertex), side, 
equiangular, equilateral. 

coUinear points, concurrent lines. 

Proposition VIII. Theorem. 

98. In an, isosceles triangle ilie angles opposite the 
equal sides are eqital. 




A D 

Given the A ABC, in which AC = BC. 

To prove ^A=z^B. 

Proof. Suppose CD drawn to bisect ^ BOA, 
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In As ACB and BCDj 




CD^CD, 


Iden. 


AG^BGy 


Hyp. 


d ^ACD^^BCD. 


Hyp. 


/. A AGD ^ A BCD, 


§91 


(having two sides and the included ^ s equcU). 




.'.^A^^B, 


§85 


(homologous ^s of ^ A «). 


Q. E. D. 



99. Cor. 1. An equilateral triangle is equiangular. 

100. Cor. 2. Tlie bisector of the vertical angle of an isosceles 
triangle divides the triangle into two congruent triangles, 

101. Cor 3. Tlie bisector of the vertical angle of an isosceles 
triangle is the perpendicular bisector of the base, 

102. Cor. 4. If the bisector of the vertical angle of a t)Hangle 
18 perpendicular to the base, the triangle is isosceles. 



£x. 12. If the legs of an isosceles triangle are produced, the exterior 
angles at the base are equal. 

Sz. 13. How many degrees in an angle whose conjugate is six times 
its complement ? 



Qdbstion. a moving point generates a line. Can it be said that a 
. line is composed of points ? 

QuBSTiON. What is the reciprocal of the corollary announced in § 99, 
an equilateral triangle is equiangular ? 

Question. What is the converse of the same corollary ? 

Question. What is the opposite of this corollary ? 
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Proposition IX. Theorem. 

103. If two angles of a triangle are equal, the 
sides opposite these angles are equal and the triangle 
is isosceles (reciprocal of § 98). 




A c 

Given the A ABC in which ^ BAC = ^ C. 
To prove BA = BC. 

Proof. If BA and BC are not equal, one of them is the 
greater. 

Suppose BC to be the greater, and from it cut off CD = BA, 
and draw DA. 

Then in the As DAC and BAC, 

DC=:BA. Cons. 

AC=Aa Iden. 

^DCA = ^BAC. Hyp. 

.' . A BAC ^ A DAC, §91 

(having two sides and the included ^s equal). 

But ADACis a part of ABAC; that is, a part is equal to 
the whole, which is absurd. Ax. 7 

Hence the supposition that BC is greater than BA miist be 
abandoned. 

In like manner it may be shown that BC is not less than 

BA. 

.'.BA — BC. Q.B.D. 

104. Cor. An equiangular triangle is equilateral. 
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LOCI. 

106. If a point moves under given conditions, the line traced 
by the point is called a locus. The locus of a point in a plane 
is a line or a group of lines, all points of which satisfy a given 
condition, which is satisfied by no other points. 

106. In proving a certain line to be the locus of a point mov- 
ing under a given condition, it is necessary to prove : 

1. That every point in this line satisfies the condition. 

2. That no point without this line satisfies the condition, 
or that every point that satisfies the condition is in this line. 

107. Def. The distance between two points is the straight 
line that joins them. The distance from a point to a given 
line is the perpendicular from the point to the line. 



Proposition X. Theorem. 



108. The perpendicular bisector of a line is the locus 
of points equidistant from the extremities of the line. 




(Hven the line CD ± AB at its mid-point 0. 

To prove that CD is the locus of points equidistant from A 
and B. 

Proof. Let P be any point in CD and Q any point without 
CD. 
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Draw QA, PA, PB, and QB. 

In rt. As POA and POB, 

PO = PO, 

OA = OB. 

.'.APOA^APOB, 

(having the legs of one equal to the legs of the other^. 

.\PA = PB, 
(being homologous sides of ^ As), 



Iden. 

Hyp. 
§92 



85 



Again, since Q is not in the line CD, QA or QB must inter- 
sect CD, Let QA intersect CD at E, and draw EB. 
Then, by the first part of the proof, 



EA=^EB. 
Adding EQ to both sides, 

EA + EQ = EB+EQ. 
EB + EQ>QB. 
.\EA + EQ>QB. 
QA > QB. 



But 



Ax. 2 

10 (a) 



That is. 



.*. CD is the locus of points equidistant from A and B, § 106 

Q.B.D. 
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109. Cob. Two points each equidistant from the extremities 
of a line determine the perpendiciUar bisector of the line. 



Sz. 14. The line joining the vertices of two isosceles triangles on the 
same base is the bisector of the vertical angles aud the perpendicular 
bisector of the base. 

Ex. 15. The bisectors of the base angles of an isosceles triangle are 
equal. 

Ex. 16. The three bisectors of an equilateral triangle are equal. 



CONSTRUCTIONS. 

110* In elementary geometry the ruler and the compass are 
the only instruments allowed in the construction of 
figures. 

The ruler is used for drawing straight lines, and 
the compass for laying off segments and for draw- 
ing arcs and circles. 




L^ 



Compass. 



Graduated Ruler. 



111. The solution of a problem consists of four parts : . 

1. The statement of the problem setting forth what is given 
and what is required. 

2. The construction, or the drawing of the required parts. 

3. Proof that the construction has been correctly made. 

4. When necessary, the discussion of special cases or limi 
tations. 
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Proposition XI. Problem. 



112. To bisect a given line. 






:5 






/ 



¥ 



(Hven the line AB. 

Required to bisect AB. 

Construction. With A and B as centers, and with equal 
radii > half AB describe arcs intersecting at D and E. 

Post. 3 

Draw DE intersecting AB at P. Post. 1 

Then P is the required mid-point of AB. 

Proof. Dand E are by construction equidistant from A 
and B. 

.*. DE is the J. bisector of AB. 



Hence 



AB is bisected at P. 



109 



Q.B.F. 



Ex. 17. To find a point iu a given line equidistant from two given 
points. 

Ex. 18. How many degrees in an angle if the sum of its conjugate, its 
supplement, and its complement is 570° ? 
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Proposition XII. Problem. 



113. To draw a perpendicular to a given line from 
a given point in the line. 



/ 



G 



K 




Giyen the point P in the line AB. 

Required to draw a perpendicular to AB at P. 

Construction. With P as a center and any radius, PC, de- 
scribe an arc cutting AB at C and Z>. Post. 3 

With C and D as centers, with a radius greater than PC, 
describe arcs cutting each other at E. Post. 3 

Draw PE. Post. 1 

Then PE is the perpendicular required. 

Proof. P and E are both equidistant from C and Z>. Cons. 

.-. PE is the ± bisector of CD, § 109 

(two points, each equidistant from the extremities of a line, determine the 

± bisector of the line). 



Hence 



PE is perpendicular to AB. 



Q.E.F 



NoTB. If APB is considered a straight angle, PE bisects it 
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Proposition XIIL Problem. 

114. From a given point without a given line, to 
draw a perpendicular to the line. 



C--^ ,^'Z) 



•^ 



■I- 



Given the line AB and the point P without the line. 

Required to draw a J.fro7n P to AB. 

Construction. With P as a center and with a radius suffi- 
ciently great, describe an arc cutting AB in C and D. Post. 3 
Draw PX, the ± bisector of CD, intersecting ABsitF. § 112 

Then PF is the ± required. 

Proof. PF is ± CD. Cons. 

But CD and AB coincide. § 10 (b) 



.-. PF is ± AB. 



Q.B.F. 



Proposition XIV. Theorem. 



115. Only one perpendicular can he drawn from a 
given external point to a given straight line. 
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Given the line AB, an external point C, CD a perpendicular to 
AB, and C£ any other line from C to AB. 



To prove CE is not ± AB. 

Proof. Produce CD to F and make DF = CD. 

Draw EF. 
Since by construction ED is the JL bisector of CF^ 

EC = EF. 
.% A CEF is isosceles. 



Post. 2 



§108 



Hence ^ CED is half the ^ CEF, § 101 

(the ± bisector of the base of an isosceles A bisects the vertical ^). 



But since CEF is not a straight line, 

^ CEF is not a st. ^, 
Hence ;^ CEZ> is not a right angle. 

.-. CE is not ± AB. 



§10 



§51 
§52 

Q. B. D. 
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Proposition XV. Theorem. 



116. The perpendicular is the shortest line that can he 
draion from a given point to a give^i line. 




Given the straight line AB, the point P, the ± PC, and any 
other line, as PD, from P to AB. 

To prove PC<PD. 

Proof. Produce PC to P*, making CP' = CP, and draw DP. 



Since AB is JL PP' at its mid-point C, 

PD = PD. 
.'.PD + PD=^2PD. 
But PC-\'CP = 2P0. 

And PO-\'CP<PD-\'DP, 

(a straight line is the shortest path between two points), 

.\2PC<2PD, 
or PC< PD. 



Cons. 
§108 

Cons. 
§10 



Q. B. D. 



Proposition XVI. Theorem. 

117. Two oblique lines frovi the same point in the 
perpendicular to a given line, cutting off equal seg- 
ments from the foot of the perpendicular ^ are equal; 
and of two lines cutting off unequal segments from the 
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foot of the perpendicular^ the one cutting off the greate r 
segment is the greater line. 




Given the line AB, the ± CD, lines C£, CH, and CF from C to 
AB, and D£ =s DH and DF > DH. 

To prove I. CH=CE. 

11. CF> CE or OH. 

Proof. 1. As CDE and CDS' are rt. As by hypothesis, 
and CD = CD, Iden. 

also DE = DH. Hyp. 

.'.ACDE^ACDH, §92 

(having the legs of one = the legs of the other). 

.-. CH=^ CE, § 85 

(homologous sides of & As), 
II. Produce CD to G, making DG = CD. 

Draw HG and FG. 
Since by construction FD is the ± bisector of (7G^, 

CH=HG, 

and CF^FG, §108 

(t?^ ± ftis^cfor o/a 7m« is the locus of points equidistant from its 

extremitien) . 

But CF-\' FG > CH^ HG, § 87 

or 2CF>2CH. 

.'. CF> CHoT its equal CE. 9 e. d. 
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118. Cob. 1. Eqaal oblique lines from a poitU in a perpenr 
dictdar to a given line cut off equal segments from the foot of the 
perpendicular. 

119. Cob. 2. Only two equal straight lines can be drawn from 
a given point to a given straight line. 

120. Cob. 3. Of two unequal lines from a point in a per- 
pendicidar to a given line, the greater cuts off the greater segment 
from the foot of the perpendicular. 



Pboposition XVIL Theobem. 

121. Two right triangles are congruent if they have 
the hypotenuse and an acute angle of the one equ^ly 
respectively^ to the hypotenuse and an acute angle of 
the other. 






A B D E E n 

Given the rt. As ABC and D£F, in which hypotenuse AC 
= hypotenuse DF and i^ A = ^ D. 

To prove A ABC ^ A DEF. 

Proof. Place A DEF on A ABC so that DF shall coincide 
with its equal AC. Then since ^D^z'^A, DE will fall 
along AB. 

Then since CB ± AB and FE ± DE, FE will coincide with 
CB, § 115 

(only one X can be drawn from a given point to a given straight line'). 

.-. A ABC^A DEF. q. b. ©. 
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Proposition XVIII. Theorem. 

122. Two right triangles are congruent if the hypote- 
nuse and a leg of the one are equaly respectively y to the 
hypotenuse and a leg of the other. 





Given the rt As ABC and kVC\ haying the hjrpotenuse AC 
ithe hjrpotenuse A'C and AB=A^'. 



To prove 



AABC^AA'ffC. 



Proof. Place the A A'B'C in such position that A' will fall 
upon Af the leg A'B^ upon its equal AB, and the vertex O on 
the opposite side of AB from C, at Z>. 

Since ABC and ABD are rt. As^ CBD is a straight line. 



AC=zAD. 
.-. BC= BD, 



Hyp. 
§ 118 



(equal lines from a point in a perpendicular to a given line cut off equal 
segments from the foot of the perpendicular) . 



r.AABC^AABD, 
(having the legs of one = the legs of the other). 



§92 



/. A ABC ^ A A'B'O. 



Q.B.D. 
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Proposition XIX. Theorem. 

123. Two triangles are congruent if they have the 
three sides of the one equals respectively, to the three 
sides of the other. 





Given the As ABC and A'B'C, in which AB = A'B', AC = A'C, 
and BC = B'C 

To prove AABC^AA'B'C. 

Proof. Place the A A'B'C in such position that A* will fall 
on A, the side A'C upon its equal -4(7, and the vertex B' at 
the point D, on the opposite side of AC from B. 

Draw BD. 

Since AB = AD and BC = CD, Hyp. 

the As ABD and CBD are isosceles, and the points A and C 
are equidistant from the extremities of BD. 

.-. AC is the ± bisector of BD. § 109 

Hence ^ BAC = i^ CAD, § 101 

(the ± bisector of the base of an isosceles A bisects the vertical ^). 

.'.AABC^AACD, §91 

{having two sides and incltided ^ of one = two sides and included ^ of 

the other), 



OP 



A ABC ^ A A'B'C. 



Q.B.D 
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124. Cor. If two triangles are mutiiaUy equilateral, they are 
mvtvxdly equiangular. 



Ex. 19. The sum of the lines from any point within a triangle to the 
vertices is less than the perimeter and greater than half the perimeter. 



Proposition XX. Problem. 



125. At a given point in a given straight line to con- 
struct an angle equal to a given angle. 





Given the point P in the line CD, and the angle A. 
Required to construct at P an angle equal to ^ A, 

Construction. Witli ^ as a center and with any radius, 
describe an arc cutting the sides of ^ -4 at 6? and JJ, Post. 3 

With P as a center and with the same radius, describe an 
arc LM cutting CD at L. Post. 3 

Draw GH. Post. 1 

With X as a center and with a radius = GH, describe an arc 
cutting the arc LM2X 0, 

Draw PO. Post. 1 

Then jf OPL is the angle required. 

Proof. As POL and AGH are mutually equilateral. Cons. 

r.AOPL^AAGH, §123 

(two Ls are Oi if they have the three sides of the one equaly respectively^ 

to the three sides of the other). 

.\:^OPL = ^A, §85 

(homologous ^s of sk As). Q. b. F. 
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Proposition XXI. Theorem. 

126. If two angles of a triangle are unequal^ the sides 
opposite are unequal^ and the greater side is opposite 
the greater angle. 




Given the A ABC, in which ^ CBA > ^ C. 
To prove AC>AB. 

Proof. Draw BD meeting AC at D and making ^ CBD 

= ^ a § 125 

Then A BDC is isosceles, § 103 

and DC=DB. 

Adding AD to each side of this equation, 

AD-\'DC=AD + DB, 
or AC==AD-\'DB. 

But AD'\'DB>AR §10 

.'.AC>AB, Q.B.D. 



Question. Geometry is often spoken of as an ideal science. Explain 
what is meant by this statement. 
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Proposition XXII. Theorem. 

127. If two sides of a triangle are unequaly the angles 
opposite are unequal, and the greater angle is opposite 
the greater side (reciprocal of § 126). 




Given A ABC, in which AC > BC 
Toprove ^B>^A. 

Proof. If :^J5isnot>:^^itis =^^or<:^A 

But :^ J5 is not =:^ ^; for if ^B = ^Ay BC^AC. § 103 

This is contrary to the hypothesis. 

And :^ J5 is not < ^ ^; for if ^ J5 < ^A, AC < BC, § 126 
which is also contrary to the hypothesis. 

128. Note. The method of demonstration used in § 127 is called 
Proof by Exhaustion. Where there are several suppositions in which 
one, and only one, can be true, this method consists in considering these 
suppositions in turn, showing the falsity of each until only one remains, 
which must be the true one, all others having been exhausted in the 
process of demonstration. 



Question. Is a chalk or pencil mark a geometric line ? 
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Proposition XXIII. Problem. 
129. To bisect a given angle. 




Given :^ BAG. 

Required to bisect '^ BAC. 

Construction. With ^ as a center and with any radius ADy 
describe an arc cutting the sides of the given angle at D and E, 

With D and E as centers and with equal radii, greater than 
\ DE, describe arcs cutting each other at X 

Draw AX. 
AX is the bisector required. 

Proof. As ADX and AEX are by construction mutually 
equilateral and are, therefore, congruent. § 123 

.\^BAX^^CAX, §85 

(being homologous ^« of ^ A«). 

Hence ^ BAC is bisected by the line AX. q. b. p. 

130. Note. By repeating the process used in § 120, a given angle 
may be further divided into 4, 8, 16, 32, ••• 2«* equal parts. 
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Proposition XXIV. Theorem. 

131. If two triangles have two sides of the one equcdy 
respectively y to two sides of the other, hut the included 
angle of the first greater than the included angle of the 
second, then the third side of the first is greater than 
the third side of the second. 



D 





o 0' 

Given As ABC and D£F, in which AB=:D£, AC = DF, and 
^ EDF > ^ A. 

To prove EF > BC, 

Proof. Apply A ABC to A DEF, so that A falls on Z>, AB 
coincides with its equal DE, and the vertex C falls at (7. 
Draw DG bisecting ^ CDF, meeting EF at Q. § 129 

Draw GC. 
Then in As DGCT and DGF, DO = DF, Hyp. 

DG = DG, Iden. 

and ^ CDG = ^ GDF. Cons. 

.'.ADGO^ADGF. §91 

GC = GF, §86 

{homologous aides of ^ A^). 
Adding EG to both sides of this equation, 

EG '\' GC =^ EG -k- GF, Ax. 2 

But EG-{-GC> EC. § 10 (a) 

Hence EG + GF, or EF > EC. 

.'.EF>BC. Q.B.D. 
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Proposition XXV. Theorem. 

132. If two triangles have two sides of one equals 
respectively, to two sides of the otJier, but the third side 
of the first greater than the third side of the second, 
then the angle opposite the third side of the first is 
greater than the angle opposite the third side of the 
second. 





E F 

Given As ABC and D£F, in which AB = D£, AC = DF, but 
BC>EF. 

To prove ^A>^D. 

Proof. If ^Aia not greater than ^ D, it is equal to ^ D, 
or less than ^ D. 

If ^ ^1 = ^ i>, A ABC ^ A DBF, § 91 

(having two aides and included ^s equal) ^ 

and BC = EF, §86 

(homologous sides of ^ As), 

H^Ak-^D^BCk EF. § 131 

But both these consequences contradict the hypothesis. 
Hence ]^ ^ is neither = ^ Z) nor < i^ /). 

.\'^A>^IX Q.E.D. 
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133. The foregoing propositions concerning the congruence 
of triangles may be summarized as follows : 

Two triangles are congruent if the following parts are re- 
spectively equal : 

1. Two sides and the included angle. 

2. Two angles and the included side. 

3. Three sides. 

Two right triangles are congruent if the following parts are 
respectively equal : 

1. Two legs. 

2. Hypotenuse and leg. 

3. Leg and adjacent acute angle. 

4. Hypotenuse and acute angle. 



Proposition XXVI. Theorem. 

134. The bisector of an angle is the locus of points 
equidistant from the sides of the angle. 



D £ 



Oiven ^ BAG and the point P equidistant from AB and AC. 

To prove I. AP is the bisector of ^ BAC. 

II. Any point Q in AP is equidistant from AB and AG. 
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A F D B 

Proof. I. Draw Pi>±^J5 and PJS;±^a §114 

Then in rt. As PAD and PAEy 

PA = PA. Iden. 

PD = PE. Hyp. 

.-. A PAD ^ A PAE, § 122 

(having hypotenuse and leg equal), 

.\:^PAD = :^PAE, §85 

(homologous ^« of ^ As). 

Hence AP is the bisector of ^ 5-4(7. 

II. Draw QF± AB and QG^ ± ^C?. § 114 

Then in rt. As Q^di^and QAG, 

AQ = AQ, Iden. 

^ Q^F=^ QAG. Just proved 

.-. A QAF ^ A Q^(?, § 121 

(having hypotenuse and acute y equal). 

.'. QF^ QG, § So 

(homologous sides of & As) . 

Hence AP is the locus of points equidistant from AB and 
AC. § 106 

Q. B. D. 

135. Cor. Two points each equidistant from the sides of an 
angle determine the bisector of the angle. 
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PARALLEL LUfSS. 

136. Def. Parallel lines are straight lines, lying in the 
same plane, that nowhere meet, however far produced. 

Proposition XXVII. Theorem. 

137. Tu)o straight lines in the same plane perpendicu- 
lar to the same straight line are parallel. 



A 
B 



D 



Given the lines AC and BD, each ± AB. 

To prove AC II BD. 

Proof. If AC and BD are not parallel, they will meet if suf- 
ficiently produced. Suppose them to meet at some point P. 

We then have two perpendiculars from the same point to 
the same straight line. 

But this is impossible, § 116 

(only one ± can he dravonfrom a given point to a given straight line). 

.•. AC and BD cannot meet, however far produced. 

.'.ACWBD. Q.B.D. 




138. Cor. Two straight lines respectively perpendicular to two • 
intersecting straight lines are not paraMel. 
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Pboposition XXVIII. Theorem. 

139. If a straight line is perpendicular to one of tioo 
parallels^ it is perpendicular to the other. 

E 



A 


Q 


B 





D 




H 





F 
Given AB and CD, two lis, and £F ± CD. 

To prove EF±AB, 

Proof. At G, the intersection of EF and ABy conceive a 
line drawn ± EF. 

This line must be II CD, § 137 

(two 8t. lines X the same st. line are II). 

But AB II CD. Hyp. 

.*. AB must coincide with the line imagined, Geom. ax. 2 
(otJierwise there would he through the point two Ws to the same st. line^. 
But the line imagined is X EF, 

.\EFLAB. Q.E.D. 

140. CoR. If a straight line is parallel to one of two parallels, 
it is parallel to the other. 

141. Def. a straight line cutting two or more straight lines 
is called a transversal. 




142. When a transversal cuts two lines, the eight angles 
thus formed are named as follows : 
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Cyd,eyf, lying between the parallels, interior angles, a, b, g, h, 
lying without the parallels, exterior angles, c and e, or d and f, 
alternate-interior angles, a and g, or b and h, alternate-exterior 
angles, a and e, b and /, or c and g, d and h, corresponding angles. 



Pboposition XXIX. Theorem. 

143. ^ two parallel lines are cut by a transversal, 
the altemate4nterior angles are equal. 




Given two II lines, AB and CD, cut by the transversal £F. 

To prove ^AEF=^EFD. 

Proof. Through P, the mid-point of EF, draw POJLAB 
(§ 114), and produce it to meet CD at H. 

Then GHJL CD, % 139 

(if a St. line is ± one of two ll«, it is ± the other). 

In rt. As PGJS? and PflF, 

PE = PF. Cons. 

^ EPG = ^ FPH, § 65 

(vertical Y8). 

.-. A PGE ^ A PHF, § 121 

(having hypotenuse and acute V o/ one = hypotenuse and acute V o/ ^^e 

r.-^AEF^^EFD, §85 

(homologous "^s of^ As), Q. B. D. 
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Pboposition XXX. Theorem. 

144. If two straight lines are cut by a transversal, 
making the alternate-interior angles equal, the two 
straight lines are parallel (converse of § 143). 



A 


GE/ 


B 





f/ 


( 


D 



B 



Given the lines AB and CD cut by tlie transversal £F, making 
^ AEF = ^ DFE. 

To prove AB II CD. 

Proof. Through P, the mid-point of EF, draw PO ± AB 
(§ 114) and produce it to meet CD at H. 
In As PGE and PHF, 

^ GEP = ^ HFP, Hyp. 

and ^ EPG = ^ FPH, § 65 

(vertical ^«). 

Also PE=:PF. Cons. 

.'. A PGE ^ A PHF, §94 

(having two ^« and included side of one = two ^8 and included side of 

the other). 

.'. ^ PGE = ^ PHF, a right ^, § 85 

(homologous y« of & As). 

.-. AB II CDy § 137 

(two St. lines ± to the same st, line are ||). q. b. D 
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Pboposition XXXI. Theorem. 

145. If two paraUel lines are cut by a transversal^ the 
interior angles on the same side of the transversal 
are supplementary. 

A e/ b 




Oiyen the II lines AB and CD cut by GH at £ and F, respectiyely. 
To prove '^DFE-^ ^ FEB = st. ^. 

Proof. ^AEF'{-^FEB^st,:f. §61 

But ^ AEF = ^ DFE, § 143 

{alt, int, ^s of II lines). 
Substituting ^ DFE for its equal ^ AEF, 

^ DFE + ^ FEB = St. ^. Q.E.D. 

Proposition XXXII. Theorem. 

146. If two straight lines are cut by a transversal, 
making the interior angles on the same side of the 
transversal supiJlementaryj the two lines are parallel 
(converse of § 145). 

A Ej 




Given AB and CD cut by £F, making: ^ DFE + ^ FEB = st. ^. 
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To prove 


AB II CD. 






Proof. 


^DFE'{-^FEB = st'^. 




Hyp. 


And 


^AEF-it ^FEB = St. ^. 




§61 


• 
• • 


^DFE + ^FEB:=^ AEF+:f 


FEB. 


Ax.l 


Taking away 


the common ^ FEB, 








^DFE=z^AEF. 




Ax. 3 




.'.ABWCD. 




§144 



Q.B.D. 

147. Cor. If two straight lines are cut by a transversal^ so 
as to make the interior angles on the same side of the transversal 
together less than a straight angle, these lines will meet if suffi- 
ciently produced on that side of the transversal on which the sum 
of the angles is less than a straight angle. 

Proposition XXXIII. Theorem. 

148. If tioo parallel lines are cut by a transversal^ 
the corresponding angles are equal. 
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Given the II lines AB and CD, cut by £H in F and G, reapectiyely. 



To prove 


^BFE = ^DOF. 




Proof. 


^BFE = :^AFQ, 

(vertical ^s). 


§65 


and 


^DGF=:^ AFGy 
(alt. int, '^8 of II lines). 


§143 




.\^BFE=:^DGF. 


Ax. 1 

9.B.D. 



Proposition XXXIV. Theorem. 

149. If tioo straight lines are cut by a transversal^ 
making the corresponding angles equal, the lines are 
parallel (converse of § 148). 




Given AB and CD cnt by £H at F and G» respectively, making 
^ DGF = ^ BFE. 

To prove AB II CD. 

Proof. ^AFQ^^BFE, §66 

(vertical ^s), 

and ^ DGF= ^ BFE. Hyp. 

.\:^AFG = ^DGF. Ax. 1 

.-. AB II CD. § 144 

9.B.D. 
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Proposition XXXV. Theorem. 

150. Two angles whose sides are^ respectively ^ parallel 
are either equal or supplementary. 




Given the ^s at B and £, with sides BC il £F and AB II DH. 

To prove ^ ABC = ^ DEF = :^ GEHy and ^s ABC and 
DEO supplementary, 

^PtofUl, Produce, if necessary, BC and ED until they inter- 
sect at X. 

Tlien ^ ABC= ^ x (corresponding ^s), 

and :^ DEF= ^ x (corresponding ^s). § 148 

.'.'^ ABC ='^ DEF. Ax. 1 

But 2f GEH= -^ DEF (vertical ^ ). § 65 

.-. ^ ABC= -^ GEH. Ax. 1 

Since ^ DEF is supplementary to ^ DEG and to ^ HEF, 
§ 61, :^ ABC, the equal of ^ DEF, is supplementaiy to ^ DEQ 
and to X HEF. 

Q.B.D. 

151. Note. . An angle viewed from its vertex has a right and a left 
side. Then, two angles having their right sides respectively parallel and 
also their left sides parallel, as ^s ABC and DEF, or ^s ABC and GEH, 
are equal, whereas if the right side of each is parallel to the left side of 
the other, as ^ ABC and FEB, they are supplementary. 
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Proposition XXXVI. Theorem. 

* 152. Two angles whose sides are^ respectively y per- 
pendicular are either equal or supplementary. 




Given the ^s at B and £, with sides BA ± £F and BC L ED. 

To prove ^ ABC = ^ DEFj and ^ ABC supplementary to 
:f FEO. 
Proof. Draw BL ± BA, and BH ± BC. § 113 

Then BL II EF and BH II ED. § 137 

Since ^s LB A and HBC are rt. ^s, Cons. 

^ i-BJJ is the complement of ^ HBA, 

and ^ -4B(7 is the complement of ^ -HBA § .59 

.-. ^ Z55'= ^ ABC. § 60 

But ^ LBH= ^ FED. § 151 

.-. ^ AB(7= 2f FjE:Z>. Ax. 1 

Also ^ FED is supplementary to ^ FJS;©. § 61 

.-. ^ ABO, the equal of ^ 2^^Z>, is supplementary to 
^ F£(?. § 60 

Q. B. D. 

153. Note. Two angles whose sides are, respectively, perpendicular 
are equal if both angles are acute or both obtuse ; they are supplementary 
if one is acute and the other obtuse* 
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Proposition XXXVII. Problem. 

154. Through a given point to draw a line paraRel 
to a given line. 

M 

/ 

C p/ D 

/ 



-h 



/E 



Given the point P and the line AB. 

Required to draw through P a line II AB. 

Construction. Through P draw a line ^Jf intersecting AB 
at some point E, 

At P construct the ^ MPD = ^ MEB. § 125 

Then the line CD is II AB. 

Proof. Since ^ MPD =^ MEB, Cons. 

CD II AB, § 149 

(iftioo St. lines are cut by a transversal, making the corresponding ^s 

equal, the lines are II). Q. B. P. 

Proposition XXXVIII. Theorem. 

155. The sum of the three angles of a triangle is 
equal to a straight angle. 



A 

Given the A ABC. 
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To prove ^ JL-f ^ -B + ^ BCA = st. ^. 

Prool Produce AC to D, 

Draw CE II AB. § 154 

Then ^ DCE-^^ EGB+^ BOA = st. ^. § 62 

But :^DCE=^A, §148 

(corresponding 7f.8 of II /me«). 
And :^ECB=:^B, §143 

(aZ^ int. ^8 0/ II lines). 
Substituting for ^s DOE and ECB their equals, ^s A and 

156. Cor. 1. The sum of any two angles of a triangle is less 
than a straight angle. 

157. Cob. 2. An exterior angle of a triangle is greater than 
either of the non-adjacent interior angles, 

158. Cor. 3. An exterior angle of a triangle is eqv/al to the 
sum of the two novradjacent interior angles. 

159. Cor. 4. If two triangles have two angles of the one 
equal to two angles of the other , the third angle of the one is equal 
to the third angle of the otJier. 

160. Cor. 5. Each acute angle of a right triangle is the com- 
plement of the other, 

161. Cor. 6. There can be but one right angle or but one 
obtuse angle in a triangle. 

162. Cor. 7. Each angle of an equilateral triangle is two 
thirds of a right angle. 



Ex. 20. If any angle of an isosceles triangle is 00°, the triangle is 
equilateral. 

Ex. 21. The medians drawn to tbe legs of an isosceles triangle are 
eqoal. 
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Ex. 22. The three medians of an equilateral triangle are equal. 

Sz. 23. In a given triangle, ABC, ^ B is twice ^ C, and "^ A is 
three times ^ B, How many degrees in ^ ^ ? 

I 
Ex. 24. How many degrees in each acute angle of an isosceles right 

triangle ? 

Ex. 25. If the vertical angle of an isosceles triangle is 40^, how many 
degrees in each of the base angles ? 




Ex. 26. If the vertical angle of an isosceles triangle is 80^, how many 
degrees in the angle formed by the bisectors of the base angles ? 




Ex. 27. The bisector of the exterior angle at the vertex of an isosceles 
triangle is parallel to the base. 

Ex. 28. The altitudes to the legs of an isosceles triangle are equal. 

Ex. 29. The three altitudes of an equilateral triangle are equal. 

Ex. 30. If the altitudes to two sides of a triangle are equal, the triangle 
is isosceles. 

Ex. 31. If the three altitudes of a triangle are equal, the triangle is 
equilateral. 
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QUADRILATERALS. 

163. A quadrilateral is a plane figure bounded by four 
straight lines. The sides of a quadrilateral are the lines which 
bound it. The perimeter is the sum of the sides. The angles 
of a quadrilateral are those formed by the intersection of the 
sides, and the vertices are the points of their intersection. A 
diagonal is a straight line joining the vertices of any two 
angles that have not a common side. 

164. Quadrilaterals are classified according to the number 
of pairs of parallel sides, and named as follows : 

1. A trapezium is a quadrilateral with no pair of parallel 
sides. 

2. A trapezoid is a quadrilateral which has but one pair of 
parallel sides. The parallel sides are called the bases, and the 
non-parallel sides are called the legs. The perpendicular dis- 
tance between the bases is called the altitude. The median of 
a trapezoid is the straight line which joins the mid-points of 
the legs. An isosceles trapezoid has its legs equal. 




Trapezium. Trapezoid. Parallelogram. 

3. A parallelogram is a quadrilateral which has its opposite 

sides parallel. 

I 
165. Parallelograms are divided into species as follows : 

1. A rectangle is a parallelogram whose angles are right 
angles. A square is an equilateral rectangle. 
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2. A rhomboid is an oblique angled parallelogram. A rhom* 
bus is an equilateral rhomboid. 



Rectangle. 



Square. 



Rhomboid. 




Rhombus. 



Proposition XXXIX. Theorem. 

166. A diagonal divides a parallelogram into con- 
gruent triangles. 




Given the O ABCD and the diagonal AC. 



To prove 
Proof. 



and 



A ABC ^ A ACD. 
In As ABC and ACD, 

(cilL int, 2fa o/II lines), 
AC^AC, 
.-. A ABC ^ A ACD, 



§ 143 

Iden. 
§94 



{having two ^8 and included side of one equal to two Xs and included 

side of the other). q. e. D. 

167. Cor. 1. The opposite sides and the opposite angles of a 
parallelogram are equal, 

Eor, since As ABC and ACD are congruent, BC= AD and 
AB = CD, being homologous sides. Also '^B = ^D, homolo- 
gous ^s, etc. 
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168. Cor. 2. Two consecutive angles of a parallelogram are 
supplementary. 

169. Cor. 3. Parallels included between parallels are eqiwl. 

170. Cor. 4. Parallels are everywhere equidistant. 

171. Cor. 5. If one angle of a parallelogram is a right angle, 
the figure is a rectangle. 

Proposition XL. Theorem. 

172. If the opposite sides of a quadrilateral are equals 
the figure is a parallelogram. 




Given the quadrilateral ABCD, with AB =s CD and AD = BC. 
To prove ABCD is a O. 

Proof. Draw BD. 

In As ABD and CBD, 

AD = BC, Hyp. 

AB = CD, Hyp. 

and BD = BD. Iden. 

.'.AABD^ACBD, §123 

(having three sides of one = three sides of the other), 
.\^DBC= ^ ADB and ^ DBA = ^BDC, § 85 

(homologous ^s). 
Hence AD II BC and AB II CD. § 144 

.\ABCDi^^.^. §164(3) 

Q.B.D 
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Proposition XLI. Theorem. 

173. If two sides of a quadrilateral are equal and 
parallel^ the figure is a parallelogram. 




Given the quadrilateral ABCD, with AB = and II CD. 



To prove 


ABCD is a CJ. 




Proof. 


Draw BD. 




Since 


AB II CDy 


Hyp. 




^BDC^^DBAy 


§143 




(^alt. int, ^8 ofW lines). 




But 


AB=CD, 


Hyp. 


and 


BD=^ BD. 


Iden. 




.'.AABD^ABCD, 


§91 




(having two sides and included Y» equal). 






.'. :^ ADB = :^ DBG, 


§85 




(^homologous ]^s). 




Hence 


AD II BO. 


§144 




.'. ABCDissiCJ. 


§ 164 (3) 



Proposition XLII. Theorem. 



Q.B.D. 



174. The diagonals of a parallelogram bisect each 
other. li, — : : — ,c 




Given the O ABCD and the diagonals AC and BD, intersecting: at 0. 
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To prove AO = OG and BO = OD. 

Proof. In As AOB and DOO, 

AB=DC, §167 

(being opposite sides of a O), 
and :^ a = i^f a'; ^ 6 = :^ 6', § 143 

(alt. int. "^sofW lines). 

.'.AAOB^ADOC, §94 

(hating two ^9 and included sides equal). 

.-. AO = 0(7 and BO = OD, § 85 

(homologous sides of ^ As). Q.B.D. 

175, Cor. uilny line drawn through the midrpoint of a di- 
agonal and terminated in the sides of a parallelogram is bisected 
by the diagonal. 




Let EF be drawn through the mid-point O of the diagonal 
BD. 

To prove EO = OF. 

Proof. BO = OD. Hyp. 

:5fa = :^a'. §143 

-^.h^^V. §66 

.'.AOBF^AODE. §94 

.\EO=OF. §85 

Ex. 32. If the diagonals of a quadrilateral bisect each other, the fig- 
ure is a parallelogram. 

Ex. 33. The diagonals of a rectangle are equal. 

Ex. 34. If the diagonals of a parallelogram are equal, the figure is a 
rectangle. 
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Proposition XLIII. ^ Theorem. 

176. Two parallelograms are congruent if two sides 
and the included angle of one are equals respectively y to 
two sides and the inclicded angle of the other. 





Given the Os ABCD and £FGH, with sides AB = £F, AD = £H, 
and the :^ A = :^ £. 

To prove O ABCD ^ O EFOH. 

Proof. Draw BD and FH, 

Since :fA = '^E,AD = EHsindAB = EF, Hyp. 

.-. A ABD ^ A EFH (1), § 91 

(having two sides and included Xs equal). 

But A ABD ^ A DBCy and A EFH ^ A HFG. § 166 

.-. A DBC ^ A HFG (2). Ax. 1 

Adding (1) and (2), 

A ABD + ADBC^A EFH + A HFG. Ax. 2 
But A ABD + A DBC ^ O ABCD, 

and AEFH+AHFG^OEFGH. 

.-. a ABCD ^ O EFGH 

Q.B.D. 

177. Cor. Two rectangles are congruent if two adjacent sides 
of the one are equal, respectively, to two adjacent sides of the other, 

Ex. 35. The diagonals of a rhombus are perpendicalar to each other 
and bisect the angles of the rhombus. 
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Proposition XLIV. Theorem. 

178. The line joining the mid-points of tioo sides of 
a triangle is parallel to the third side and equal to half 
the third side. 

A 




B C 

Given the A ABC, and D and £ the mid-points of AB and AC, 
respectively. 

To prove DE W BC and = i BC, 

Proof. Draw CF II BD, meeting DE produced at F. § 154 

In As ADE and FEC, 

AE = EC. Hyp. 

^AED=:^FEC, §65 

^ECF^^EAD, §143 

.'.AAJDE^AEFCy §94 

.\ AD = CF and DE =^ EF. §85 

But AD = BD. Hyp. 

.-. CF = BD. Ax. 1 

Since CF || BD, Cons. 

BCFD is a O. § 173 
Also, since DF II and = BC, § 164 (3) and § 167 

DE II BC. 
But DE = EF=^iDF. 

.\DE±=^^BC. Q.B.D. 
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179. Cor. 1. If a line is parallel to one side of a triangle and 
bisects one side, it bisects the third side. 

180. Cor. 2. 27ie median of a trapezoid is parallel to the 
bases and eqiuil to lialf their sum. 




Proot Let ABGD be a trapezoid and E and F the mid- 
points of AD and 50, respectively. 

Draw BD and bisect it at O. 

Draw GE and GF. 

In As ADB and DBCy 

EG II and = \AB, and GF II and = J CD. § 178 

But CD II ABy § 164 

hence GF II AB. § 140 

Hence EGF is a straight line. Geom. ax. 2 

And EG -f- GF=ziAB + i CD, 

or EF=:i(AB-\-CD), q.b.d. 



Ex. 36. The diagonals of a square are perpendicular to each other and 
bisect its angles. 

Ex. 37. If the diagonals of a parallelogram are equal and perpendicu- 
lar to each other, it is a square. 

Ex. 38. Given the diagonal, to construct a square. 

Ex. 39. Given the diagonals, to construct a rhombus. 
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181, Cor. 3. The line drawn parallel to the hoses of a trape- 
zoid, bisecting one leg, bisects the other leg and is tJie median of 
the trapezoids 





Given the trapezoid ABCD, F the mid-point of BC, and £F II AB 
and CD. 

Draw CG and FH II AD. 



Then 

Also 
and 

Hence 



CG = DE and FH = EA. 

:^ a = :^ a' and :^ 6 = :^ 6', 

CF==FB. 

.-. A CGF ^ A FHB. 

CG = FH. 

.'. DE = EA. 



§169 
§148 

Hyp. 
§94 
85 



182. Cor. 4. ijTa series of parallels intercept equal lengths on 
one transversal, they intercept equal lengths on every transversal. 




Given AB = BC = CD, etc. 

To prove AB' = B'O = CD\ etc. 

Follow the line of proof indicated in § 181. 
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Ex. 40. The lines joining the mid-points of the sides of a triangle 
divide the triangle into four congruent triangles. 

Sx. 41. Find the median of a trapezoid whose bases 
are 16 feet and 28 feet. 

Sx. 42. Given the median of a trapezoid 12 feet 
and one base 20 feet, to find the other base. 

Sx. 43. The lines joining the mid-points of the sides 
of a quadrilateral taken in order form a parallelogram (the mid-point 
parallelogram of the quadrilateral). 







Sx. 44. The mid-point parallelogram of a rectangle not a square is a 
rhombus. 

Sx. 46. The mid-point parallelogram of a rhombus is a rectangle. 

Ex. 46. The mid-point parallelogram of a square is a square. 

Sx. 47. The bisectors of the angles of a rhomboid form a rectangle. 

Ex. 48. The bisectors of the angles of a rectangle form a square. 

Sx. 49. The line joining the mid-points of the diagonals of a trapezoid 
is parallel to the bases and equal to half their difference. 

Ex. 50. The lines joining the mid-points of the opposite sides of a 
quadrilateral bisect each other, and bisect the line joining the mid-points 
of the diagonals. 

Sx. 61. The line joining the mid-points of two opposite sides of a 
parallelogram bisects the diagonals. 



POLYGONS. 

183. Polygon is the general name for a plane figure bounded 
by straight lines. The sides of a polygon are the lines which 
bound it. The perimeter is the sum of the sides. The angles 
of a polygon are those formed by its sides. The vertices are 
the points of intersection of the sides. A diagonal is a straight 
line joining the vertices of two angles that have not a side in 
common. 
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184. Polygons are cither coiiTex or concave. A convex poly- 
gon is a polygon each angle of which is less than a straight 
angle. A concave polygon is a polygon that has at least one 
reflex angle. 

The word polygon, when unrestricted, means convex polygon. 

185. An equilateral polygon is a polygon which has all its 
sides equal. 

186. An equiangular polygon is a polygon which has all its 
angles equal. 

187. A regular polygon is a polygon which is both equilateral 
and equiangular. 

188. Two polygons are mutually equilateral if the sides of 
the one are, respectively, equal to the sides of the other when 
taken in the same order. 

189. Two polygons are mutually equiangular if the angles of 
the one are, respectively, equal to the angles of the other when 
taken in the same order. 

190. Two polygons may be mutually equiangular without 
being mutually equilateral, and, except in the case of tri- 
angles, two polygons may be mutually equilateral without be- 
ing mutually equiangular. 

191. A polygon of three sides is called a triangle; one of 
four sides, a quadrilateral; one of five sides, a pentagon; one of 
six sides, a hexagon ; one of eight sides, an octagon ; one of ten 
sides, a decagon ; one of twelve sides a dodecagon ; one of fifteen 
sides, a pentedecagon. 
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Pboposition XLV. Theorem. 

192. The sum of the interior angles of a polygon is 
equal to as many straight angles^ less two, as the poly- 
gon has sides. 




Oiven ABODE ••• , a polygon of n sides. 

Proof. From any interior point draw lines to each vertex, 
thus dividing the polygon into n triangles. 
The sum of the ^s of these n As = n st. ^s, § 155 

(the sum of the '^sof a t^-^a st, )^). 

But the ^s about the point are not angles of the polygon. 
The sum of the ^s about = 2 st. ^s. § 63 

.*. the sum of the ^s of the polygon = n st. i^s — 2 st. ^s, 

= (n — 2) St. :^s. Q. B. D. 

193. Cob. The sum of the angles of a quadrilateraJ is two 
straight angles, and each angle of an equiangular polygon ofn sides 
. w — 2 . ^/ 

IS • St. Z.S. 

n 



Ex. 62. The sum of the angles of a pentagon is equal to how many 
right angles ? 
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Pboposition XLVI- Thbobem. 

194. The sum of the exterior angles of a polygon^ 
formed by successively producing the sides j is equal to 
two straight angles. 




Given ABCDE -'-^ a polygon of n sides, each side successiyely 
produced. 

To prove the sum of the exterior ^8=s2 st ^s. 

Proof. Each interior )^, as a, added to the adjacent exterior 
:^, as2;, = st. :^. §61 

But the sum of the interior angles = (n — 2) st. ^s. § 192 

.•. the sum of the exterior ^a = n st. )^s — (n — 2) st. ^3 

= 2st. :^S. Q.B.D. 

195. Cob. In an equiangiUar polygon ofn sides each exterior 

angle is equal to — i^-if , 

n 



Ex. 53. How many sides has a polygon the sum of whose angles is 
equal to four straight angles ? 

Ex. 54. How many degrees in each angle of an equiangular hexagon ? 

Ex. 55. How many sides has a regular polygon if each angle is four 
fifths of a straight angle ? 

Ex. 66. How many diagonals has a polygon of n sides ? 

57. How many diagonals has a polygon of fourteen sides ? 
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Proposition XL VII. Theobbm. 

196. The bisectors of the angles of a triangle are concur- 
rent in a point equidistant from the sides of the triangle. 




Given AD, BE, and CF, the bisectors of A ABC. 

To prove ADj BE, and CF meet in a point equidistant from 
AB, BC, and AC. 

Proof. Since AD is the bisector of ^ A, it is the locus of 
points equidistant from AB and AC, § 134 

And since CF is the bisector of ^ (7, it is the locus of points 
equidistant from AC and BC § 134 

.'.0, the intersection of these loci, is equidistant from AB 
and BC. Ax. 1 

Hence lies on BE, the bisector oi^B, § 134 

.'. the bisectors are concurrent at equidistant from the sides. 

Q. B. D. 

197. Def. The point in which the bisectors of a triangle 
meet is called the in-center of the triangle. 



Sx. 58. The bisector of the exterior angle at one vertex of a triangle 
and the bisector of the interior angle at a second vertex form an angle 
equal to half the interior angle at the third vertex. 
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Proposition XLVIII. Theorem. 

198. The bisectors of the exterior angles at two ver- 
tices of a triangle and the bisector of the interior angle 
at the third vertex are concurrent. 

G 




Given A ABC with the sides CA and CB produced to G and H, 
and AF; BD^ and CE^ the bisectors of ^s GAB, ABH, and ACB, 
respectively. 

To prove AF, BD, and CE concurrent 

^QKXt, AF is the locus of points equidistant from OA and 
AB. § 134 

BD is the locus of points equidistant from AB and BH, 

§ 134 

Therefore, 0, the intersection of these loci, is equidistant 
from OC and CH. 

Hence lies on GE. § 134 

.*. AFy BD, and CE are concurrent at 0. q.».d. 

199. Def. The three points of concurrence of the bisectors 
of the interior angles of a triangle and the bisectors of the 
non-adjacent exterior angles, respectively, are called the 
centers of the triangle. 



59. If four rods are hinged together to form a quadrilateral, can 
the rods be moved so as to change the angles of the quadrilateral ? How 
would it be with three rods hinged together to form a triangle ? 
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Proposition XLIX. Theorem. 



200. The perpendicular bisectors of the sides of a trir 
angle are concurrent in a point equidistant from the 
vertices of the triangle. 




Given D£, FG, and HK, the ± bisectors of the sides of A ABC. 

To prove DE, FG, and HK are concurrent at 0, a point equi- 
distant from Ay By and (7. 

Proof. FG and HKmxxst intersect at some point, 0. § 138 

Since FG is the locus of points equidistant from B and (7, 
and HKWie locus of points equidistant from A and (7, § 108 

0, the intersection of these loci, is equidistant from A and B. 

.\0 lies in the ± bisector DE. § 108 

.*. DEy FG, and HK are concurrent at a point equidistant 
from Ay By and C. q.b.d. 

201. Cor. The point of concurrence of any two perpendicvr 
lar bisectors of the three lines joining any three points is equidis- 
tant from the three points. 

202. Def. The point of concurrence of the perpendicular 
bisectors of the sides of a triangle is called the circumcenter of 
the triangle. 



Ex. 60. How many independent parts determine a triangle? A 
quadrilateral ? A pentagon ? A polygon of n sides ? 
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Pboposition L. Theorem. 
203. The aititudes of a triangle are concurrent. 




c 

Given the A ABC. 

To prove the altitudes AM, BN, and CP are concurrent. 

Proof. Through A draw E'C II J3C; through B draw A'C II 
AC and through C draw A'B' II AB. § 154 

Then ABCB' and ABA'C are Os. § 164 (3) 

Hence A'C= AB and B'C= AB. § 167 

.-. AV= B'C, and C is the mid-point of A'B'. 

Similarly, A and B are the mid-points, respectively, of 
B'O and ^'C 

But CP ± A'B', AM ± B'O, and BN ± A'C. § 139 

.'. -<lJlf, BN, and OP are the ± bisectors of the sides of A 
A'B'C, 

.'. AM, BN, and CP are concurrent. § 200 

Q.B.D. 

204. The point of concurrence of the altitudes of a triangle 
is called the orthocenter of the triangle. 



Ex. 61. If four points are so arranged that one of them is the ortho- 
center of the triangle whose vertices are the other three, then each of the 
four points is the orthocenter of the triangle whose veitices are the other 
three. 

Ez. 62. The vertex of the right angle is the orthocenter of a right 
triangle. 
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Proposition LI. Thbobem. 

205. The medians of a triangle are concurrent in a 
point two thirds the distance from each vertex to the 
midpoint of the opposite side. 




Given the A ABC. 

To prove the medians AF, BG, and CH are concurrent in a 
point two thirds the distance from A to mid-point of BC, etc 

Proof. Let AF and BO intersect at 0. 

Bisect AO at D and BO at E. § 112 

Draw DEy GF, GD, and FE. 

DE and Gi^are each II AB and = ^ AB. § 178 

.-. DE and GF are = and II and DEFG is a O. § 173 

.". DF and EG bisect each other at 0. § 174 

Hence BE = EO= OG. 

Or AF and BG intersect at so that 50 = | BG. 

Similarly it is shown that CH intersects BG at a point 
whose distance from 5 = f BG, that is, at O. 

.'. AF, BG, and CHsiTe concurrent at 0. q.b.d. 

206. The point of concurrence of the medians of a triangle 
is called the centroid of the triangle. 



Ex. 63. If two medians of a triangle are equal, the sides to which they 
are drawn are equal and the triangle is isosceles. 

Sx. 64. If the three medians of a triangle are equal, the triangle is 
equilateral. 
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SUGGESTIONS CONCERNING THE SOLUTION OF PROBLEMS. 

207. No definite rule can be given for demonstrating 
theorems or solving problems. Were it possible to reduce 
the solution of all questions to fixed rules, the subject would 
thereby be reduced to the application of a few formulas, and 
thus would be destroyed the disciplinary value of the study of 
geometry, the object of which is not so much the discovery of 
facts as the acquisition of the power to discover facts. 

While it is not possible to state a general method for the 
solution of questions, a few suggestions tending to systematize 
the methods of attack are not improper. 

1. Figures should be drawn as accurately as possible and as 
general as possible, i,e. a figure relating to a polygon should 
not be a triangle ; one relating to a quadrilateral should not be 
a square, or even a parallelogram; one relating to a triangle 
should not be a right or an isosceles triangle. Again, in com- 
parison of figures, for example, two squares, their sides or 
other parts should be represented by lines and not by numbers, 
either abstract or concrete; as 5 feet and 7 feet, for the as- 
sumption that the ratio of the sides of the two squares is a 
rational quantity, as f , makes the problem or the solution a 
special case. 

2. Be careful of the distinction between what is given and 
what is required with reference to the letters of the figure 
constructed. 

3. Assume the theorem to be true, and discover what follows 
this assumption; then see if this conclusion can be reached 
without such assumption, and if so, reverse the process. 

4 If the assumption of the truth of the theorem and the 
conclusions drawn from such assumption fails to disclose the 
method of procedure, assume that the statement is false and 
then try to show that this assumption leads to an absurdity. 
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Ex. 65. What is the sum of the interior angles of a polygon of 10 sides ? 

Ex. 66. If a diagonal of a quadrilateral bisects two of its angles, it is 
perpendicular to the other diagonal. 

Ex. 67. The incenter, the circumcenter, the orthocenter, and the 
centroid of an equilateral triangle are together at the same point, called 
the center of the equilateral triangle. 

Ex. 68. The bases of an isosceles trapezoid make equal angles with 
the legs. 

Ex. 69. If the angles at one base of a trapezoid are equal, the other 
angles are equal and the trapezoid is isosceles. 

Ex. 70. The diagonals of an isosceles trapezoid are equal. 

Ex. 71. If the diagonals of a trapezoid are equal, the trapezoid is 
isosceles. 

Ex. 72. The altitude of an isosceles triangle bisects the base. 

Ex. 73. If the diagonals of a quadrilateral are equal, the lines joining 
the mid-points of its opposite sides are perpendicular to each other. 

Ex. 74. The median to any side of a triangle is less than half the sum 
of the other two sides. 

Ex. 75. The sum of the medians of a triangle is less than its perimeter. 





Ex. 76. If one of the legs of an isosceles triangle is prolonged its own 
length, the line from the extremity of the leg produced to the nearer end 
of the base is perpendicular to the base. 

Ex. 77. Lines from a vertex of a parallelogram to the mid-points of 
the non-adjacent sides trisect a diagonal. 
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Ex. 78. Two isosceles triangles are congment if one side and one 
angle of the one are equal, respectively, to the corresponding side and 
angle of the other. 

Ex. 79. The sum of the diagonals of a quadrilateral is less than its 
perimeter. 

Ex. 80. If each exterior angle of a polygon is 16^, how many sides 
has the polygon ? 

Ex. 81. How many sides has a polygon if the sum of its interior 
angles is equal to four times the sum of its exterior angles ? 

Ex. 82. If two parallelograms have an angle of the one equal to an 
angle of the other, they are mutually equiangular. 

Ex. 83. A parallelogram is divided into two congruent parts by a 
line drawn through the intersection of its diagonals. 

Ex. 84. To construct an isosceles triangle, having given the base and 
the vertical angle. 

Ex. 85. The mid-point of the hypotenuse of a right triangle is equi- 
distant from the three vertices. 

Ex. 86. If one acute angle of a right triangle is double the other, the 
hypotenuse is double the shorter leg. 

Ex. 87. The bisectors of two exterior angles of a triangle form an 
angle equal to half the third exterior angle. 

Ex. 88. Two triangles are congruent if two sides and the median to 
the third side of the one are equal, respectively, to the correspondhig 
sides and median of the other. 

Ex. 89. Two triangles are congruent if one side and the medians to 
the other sides in one triangle are equal, respectively, to the correspond- 
ing side and medians of the other triangle. 

Ex. 90. Two triangles are congruent if the three medians of the one 
are equal, respectively, to the three medians of the other. 

Ex. 91. Two triangles are congruent if two sides and the altitude to 
the third side of the one are equal, respectively, to the corresponding 
sides and altitude of the other. 

Ex. 92. Two triangles are congruent if one side and the altitudes to 
the other two sides of the one are equal, respectively, to the correspond* 
ing side and altitudes of the other. 
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Ex. 93. Two triangles are congruent if they have a side, the median, 
and the altitude to that side in the one equal, respectively, to the cor- 
responding side, median, and altitude in the other. 

Ex. 94. Two parallelograms are congruent if two adjacent sides and 
a diagonal of the one are equal, respectively, to the corresponding sides 
and diagonal of the other. 

Ex. 95. Two parallelograms are congruent if the diagonals of the one 
are equal, respectively, to the diagonals of the other and fonji equal 
angles with each other. 

Ex. 96. Two rectangles are congruent if a side and a diagonal of the 
one are equal, respectively, to a side and a diagonal of the other. 

Ex. 97. The angle formed by the bisectors of any two consecutive 
angles of a quadrilateral is equal to half the sum of the other two angles. 




B A 




D E 




A DEM 



Ex. 98. An altitude of a triangle divides an angle into two parts whose 
difference is equal to the difference of the other two angles of the tri- 
angle. 

Ex. 99. The angle between the altitude and the bisector from the 
same vertex of a triangle is half the difference of the other two angles of 
the triangle. 

Ex. 100. The bisector of the right angle of a right triangle is also the 
bisector of the angle formed by the altitude and the median from the 
vertex of the right angle. 



Book II. 



THE CIRCLE. 



-«o«- 



208. A circle is a curve traced by a point so moving in a 
plane that its path is everywhere equidistant from a fixed 
point in the plane. The fixed point is called the center. 

209. A radius is any straight line drawn from the center to 
the circle. 

210. A diameter is a straight line drawn through the center 
and terminating in the circle. 

211. The area of a circle is the portion 
of a plane bounded by the circle. 

A circle is indicated by a letter at 
the center, as the circle ; or by two or 
more points on the circle, as the circle 
ABC. 

212. Circles that are congruent are called equal circles. 
The following properties are immediately inferred as corol- 
laries from the foregoing definitions : 

213. Eadii of the same circle or of equal circles are equal. 

214. Diameters of the same circle or of equal circles are 
equal. 

215. Circles having equal radii or equal diameters are equal 
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216. An arc is any part of the circle, as AB, If the arc 
is half the circle, it is called a semicircle, as ABC; if equal to 
one fourth the circle, it is called a quad- 
rant, as DA. 

217. A chord is a straight line join- 
ing the extremities of an arc. AE is a 
chord. Every chord subtends two arcs, 
a major arc and a minor arc The major 
arc is greater and a minor arc less than 
a semicircle. The sum of the two is a 
circle. The word arc, when unrestricted, is used to denote the 
minor arc. Two arcs whose sum is a circle are called conjugate 
arcs. 

218. A secant is a straight line that intersects a circle in 
two points, as DH, 



219. A tangent is a straight line that 
touches a circle at one point only j KF is 
a tangent. i^ 



220. The point in which a tangent 
touches a circle is called the point of tan- 
gency or point of contact. 




221. Two circles are tangent to 
each other when both are tangent 
to the same straight line at the same 
point. They are tangent internally 
or externally according as one circle 
lies within or without the other. 



222. A sector is a portion of the area of a circle bounded by 
two radii and the intercepted arc. 
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223. A segment is a portion of the area 
of a circle bounded by an arc and its sub- 
tending chord. 

224. Congruent sectors and congruent 
segments are called equal sectors and equal 
segmei^s. 



225. A quadrant sector is a sector that is one fourth the area 
of a circle. 






226. A semicircle sector is a sector that is half the area of a 
circle. 

227. A central angle is an angle formed by two radii^ as the 
angle AOB. B 



228. An inscribed angle is an angle 

whose vertex is on the circle and 

whose sides are 

chords, as angle 

SDR 
O 





229. An angle is said to be inscribed in 
a segment if its vertex lies in the arc 
and the sides of the angle pass through 
the extremities of the arc. 
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Proposition I. Theorem. 



230. In the same circle^ or in equal circles, equal 
central angles intercept equal chords and equal arcs. 





Given the equal QsCand C'^ in which thecentral ^ C = the cen- 
tral ^ C. 

To prove 

chord AB = chord AB\ arid arc AB = arc AS. 

Proof. Place the O (7 on the O C* so that the center C shall 
fall upon the center (7, and the point A on the point A\ Then 
since the two circles are equal, they will coincide throughout. 

Because i^ (7= i^ C, the radius CB will fall upon OB^ and 
the point B will fall on the point JB'. 

.-. chord AB will coincide with chord A^B* and be equal to 
it, and arc AB will coincide with arc -4'JB' and be equal to it. 

§208 

Q. B. D. 

231. Cor. 1. In the same cirde, or in equal circles, sectors with 
equxd central angles are equal. 

232. Cor. 2. A diameter divides the cirde and its area into 
two equal paHs, 



THE CIRCLE. 88 

Proposition II. Theorem. 

233. In the same circle, or in equal eircleSy equal arcs 
are subtended by equal chords and intercepted by equal 
central angles. 





'IB 

Given O C = O C and arc AB = arc A'B'. 

To prove chord AB = chord AB\ and ^C^^C. 

Proof. Place O (7 on O (7 so that the center C shall fall on 
the center O, and the point A on the point -4'; then since the 
two circles are equal, they coincide. 

Then since arc AB = arc AB\ Hyp. 

the point B will fall on the point B and the chord AB will 
coincide with the chord AB\ 

.-. chord AB = chord AB\ 

Again, in As ABC and ABO^ 

AB = AB'. Just proved 

Also, CA = OA\ and CB = CB\ § 213 

(radii of equal circles), 

.'.AABC^AAB'C, ,§123 

{fiaving three sides equal). 

.-.^(7=^(7, §86 

(homologous ^sof& As). Q. B. D. 
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Proposition III. Theorem. 

234. In the same circle^ or in equal circles^ eqttai 
chords subtend equal central angles and equal arcs. 





Given O C = O C, and chord AB = chord A'B'. 
To prove '^C^'^Oy and arcAB = arc A*B\ 
Proof. In As ABC and A'B'C, 

CA = a A' and OB = C'B', § 213 

(^radii of equal circles)^ 
and AB=A'B^. Hyp. 

r.AABC^AA'B'O, § 123 

(Jiaving three sides equtU). 

.\:fc=:^c, §85 

(homologous ^s o/ac A«). 

.-. arc ^5 = arc A^S. § 230 

Q. B. D. 
Ex. 101. A circle has only one center. 

Proposition IV. Theorem. 

235. In the same circle, or in equal drclesy the greater 
central angle intercepts the greater chord and the greater 
arc. 
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Given OC= O C, and ^ ACB > 1^ A'C'D. 

To prove chord AB > chord A'D, atid arc AB > arc A^D, 

Proof. In As ACB and A^OD, 

CA = CA' and CB = CD, § 213 

(radii of equal circles) y 
and :^ ACB > ^ A' CD, Hyp. 

. • . chord AB > chord A'D. § 131 

Again, draw radius CB', making ^ ^'C"5' = ^ ^OB. § 125 
Then :f A'C'B'>'^ A'C'D. 

Hence CD lies between OA' and OB', and therefore the 
point D lies between the points A' and -B'. 

.-.arc -4'B' > arc A'D, 

But arc A'B' = arc ^J5. § 230 

.". arc AB > arc A'D. 

Q. B. D. 




Ex. 102. If perpendiculars, DE and BF, are drawn from the vertices, 
B and Z>, of parallelogram ABCD to the diagonal AC, DE = J?jP. 
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Pboposition V. Theobem. 

236. In the same circle^ or in equal circles^ the greater 
arc is intercepted by the greater central angle and sub- 
tended by the greater chord. 





GiyenOC=:OC^ and arc AB>arc A'D. 
To prove :fC>'^Oy and chord AB > chord A^D. 

Proof. Now, ^C=^C, or:^(7<:^(7', or:^C>^C. 
But if ^ ^^ ^ C, arc ^J5 = arc A^D. § 230 

And if ^ (7 < :^ C, arc AB < arc A'D, § 235 

both of which conclusions are contrary to the hypothesis. 

Again, in As ACB and A'OD, 

CA^OA' and CB^CD, § 213 

(radii of equal circles), 
and ^C>jfC. Just proved 

.•. chord AB > chord A'D. § 131 

Q.E.D. 

Ex. 103. If one leg of a right triangle is half the hypotenuse, the angle 
opposite that leg is half the other acute angle. (Converse of Ex. 86.) 
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Proposition VI. Theorem. 

237. In the same circle, or in equal circles, the greater 
chord subtends the greater central angle and the greater 
arc. 





Giren O C = O C, and the chord AB > chord A'D. 
To prove ^C>:fC, and arc AB > arc A'D. 
Proof. In As ACB and A*CD, 

CA==OA' and CB=CD, § 213 
(radii of equal circles)^ 

and AB>A'D, Hyp. 

.\:fC>:^C. §132 

.-. arc AB > arc A*D. § 235 

Q. E. D. 



Ex. 104. Two circles cannot bisect each other. 

Construct a right triangle, having given : 

Ex. 106. The two legs. 

Ex. 106. The hypotenuse and one leg. 

Ex. 107. One leg and the adjacent angle. 

Ex. 108. The hypotenuse and an acute angle. 

Ex. 109. One leg and the altitude upon the hypotenuse. 

Ex. 110. The hypotenuse and the altitude upon the hypotenuse. 

Ex. 111. An acute angle and the sum of the legs. 

Ex. 112. An acute angle and the difference of the legs. 
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Proposition VII. Theorem. 

238. A diameter perpendicular to a chord bisects the 
chord and its subtended arcs. 




Given O C^ with diameter D£ ± chord AB. 

To prove DE bisects chord AB and arcs AEB and BDA. 

Proof. Draw radii CA and CB, 

Since CA= CB, being radii of the same circle, the A ACB 
is isosceles. 

But CE ± AB. Hyp. 

.-. CE bisects AB and ^ ACB, § 101 

(the straight line through the vertex of an isosceles triangle perpendicu* 
lar to the base bisects the base and the vertical ^). 

,\AF=BF. 

And since '^ ACF= ^ FCB, as proved, arc AE = arc EB, 

§230 

(in the same circle equal central ^s intercept equal arcs). 

Again, ^ACD = ^BCD, being supplements of equal ^s 
ACE and BCE. §§ 60, 61 

.-. arc AD = arc BD. § 230 

Q.E.D. 

239. CoR. 1. The perpendicular bisector of a chord pa^es 
throvgh the center of the circle and bisects the arcs of the chord. 
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S840. Cob. 2. Ten propositions, in all, may he obtained by 
selecting any two of the following conditions for the hypothesis 
and any one of the remaining three for the conclusion : 



A straight line that < 



1. passes through the center of the circle. 

2. bisects the chord. 

3. is perpendicular to the chord. 

4. bisects the minor arc. 

5. bisects the major arc. 



Proposition VIII. Theorem. 

S841. In the same circle y or in equal circles, equal 
chords are equidistant from the center ; and conversely, 
chords which are equidistant from, the center are equal. 




Ghren^ i^ the O C, with chord AB = chord HD. 

To prove AB and HD are equidistant from the center O. 

Proof. Draw CE and CF 1., respectively, to AB and HD. 

§114 
Draw radii CB and CD, 

CE and CF bisect AB and HD, respectively, § 240 

(a straight line from the center ± a chord bisects the chord). 

Then in rt. As CEB and CFD, 

EB = FD, 

(being halves of equal chords). 
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CB = CD, §213 

(being radii of the same circle^, 

/. A CEB ^ A CFD, § 122 

(two ft. As are at if the hypotenuse and leg of the one are equcU, respec- 
tively, to the hypotenttse and leg of the other). 

.'.CE^CF, §85 

(homologous sides of ^ As). 

Given a, C£ ± AB^ CF ± HD, and C£ ==: CF. 
To prove AB^HD. 

Prool In rt. A« CEB and GFD^ 

CE=CF. Hyp. 

GB = CD, § 213 

(radii of same circle')* 

.\ A CEB^A CFD. § 122 

.\EB^FDj §85 

(Jiomologous sides ofok As). 

■ 

But 2EB:=AB,BJid2FD=^HD, §240 

(a line from the center of a circle J. a chord bisects the chord). 

.\AB^HD. Q.B.©. 
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Proposition IX. Theorem. 

242. In the same circle, or in eqital circles, of two 
unequal chords the greater is nearer the center, and, 
conversely, the chord nearer the center is the greater. 




Girea z, the O C with the chord D£ > the chord AB, and 
CH and CG Js from C to D£ and AB, respectively. 

To prove CG>CH. 

Proof. Since the chord DE > the chord AB by hypothesis, 
arc DE > arc AB, § 237 

From D, on the arc DE, let arc DF be taken = arc AB, and 
draw DF. 

Then chord DF= chord AB. § 233 

Draw CL ± DF and intersecting DE at K. 

Then CL=CG. §241 

But CL > CK, Ax. 7 

and CK> CH. § 116 

.". CL, or its equal CG, > CH. Ax. 9 
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Conversely : q. b. d. 

Given the O C with chord D£ nearer the center than chord 
AB. 

To prove chord DE > chord A B. 

Proof. Chord DE is not equal to chord AB, for then would 
C7i2' equal CO, § 241 

(equal chords are equidistant from the center). 

Chord DE cannot be less than chord AB, for then would 
CH be greater than CG. Just proved 

.". chord DE > chord AB. Q. e. d. 

243. CoR. The diameter is greater than any other chard. 



Sz. 113. A chord perpendicular to a diameter through a given point 
within a circle is the least chord that can be drawn through that point. 

Ex. 114. Find the locus of the mid- points of equal chords of a circle. 

Ex. 115. Find the locus of the mid-points of parallel chords of a 
circle. 

Ex. 116. If two equal chords intersect, their segments are, respec- 
tively, equal. 

Ex. 117. If two intersecting chords make equal angles with the diame- 
ter through their point of intersection, the chords are equal. 

Ex. 118. In a given circle to draw a chord equal and parallel to a 
given chord. 

244. Def. If all the vertices of a polygon lie on a circle, 
the polygon is said to be inscribed in the circle, and the circle 
said to be circumscribed about the polygon. 
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If all the sides of a polygon are tangents to a circle, the 
polygon is said to be circumscribed about the circle, and the 
circle to be inscribed in the polygon. 

245. Def. Points that lie on the same circle are called con- 
cyclic points. A polygon whose vertices are concyclic is called 
a cyclic polygon. 

Proposition X. Theorem. 

246. Through three points not in the same straight 
line one circhy and only one, can he drawn. 

B 




Given A, B, D, any three points not in a straight line. 

To prove one ©, and ordy one^ can be drawn through A, B, 
and D. 

Proof. Draw AB and BD. 

Construct the JL bisectors of AB and BD, § 113 

These ±s must meet at some point, C § 138 

C is equidistant from A, B, and D, § 108 

Therefore, a circle with C as a center and CA as a radius 
will pass through Ay By and B. 

Since C is the only point of intersection of these ± bisectors, 
there is no other point equidistant from A, By and D. § 10 (b) 

.'. there can be but one circle drawn through A., By and D, 

Q E. D. 
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247. Cor. 1. A circle can be circumscribed about a triangle. 

Three points, not coUinear, determine a circle, 
A circle cannot be drawn through three coUinear 



248. Gob. 2. 

249. Gob. 3. 
points. 

250. Gob. 4. 
th^n two points, 

251. Gob. 5. 
points. 



A straight line cannot intersect a circle in more 



Two circles cannot intersect in mxrre tJian two 



Pboposition XI. Theobem. 

252. A straight line perpendicular to a radivs at its 
extremity is tangent to the circle. 




Given CB, a radius of the O C, and AH ± CB at its extremity B. 

To prove AH is tangent to the circle C. 

Prool From the center C draw CD to any other point D 
in AH. 

Since CB ± AH, 

CD > CB. 

.'. the point D lies without the circle. 

Hence B is the only point common to the line AH and the 
circle. 

.•. AH is tangent to the circle 0. § 219 

Q.B.D. 



Hyp. 
§116 
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253. Gob. 1. A tangent is perpendicular to the radius drawn 
to the point ofcanta/st. 

254. Cob. 2. The perpendicular to a tangent aJt the point of 
oontadi passes through the center of the cirde, 

255. Cob. 3. The line from the center of a circle perpendicur 
larto a tangent parses through the point of contact, 

256. Def. By the tangent from a given point to a given 
circle is meant that part of the tangent between the given 
point and the point of contact. 

Pboposition XII. Theobem. 

257. The tangents to a circle from an external point 
are equal. \^ 



Given the tangents AB and AD from the point A to the O C. 
To prove AB = AD. 

Proof. Draw the radii CB and CD, and draw CA. 
Then in As ABO and ADC, 

CB = CD, 
(being radii of the same circle), 

CA = CA, Iden. 

:f GBA = ^ CD A, both being rt. ^s. § 263 

.'.AABC^AADC. §122 

.\AB=:APy §86 

(homologous sides of as As), Q- B. !>. 
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258. Cor. The tangents from an external point to the same 
circle make equal angles with the line joining that point and the 
center of the circle, 

D 




F B 



Sz. 119. The sum of two opposite sides of a circumscribed quadri- 
lateral is equal to the sum of the other two sides. 

2259. Def. The line determined by the centers of two 
circles is called their center-line; the segment of the center- 
line between the centers of the circles is called the center-sect 

260. Def. Two circles having a common center are said 
to be concentric. 

261. Def. A tangent to two circles is called a common 
internal tangent if it cuts their center-sect, and a common ex- 
ternal tangent if it does not cut their center-sect. 

Proposition XIII. Theorem. 

262. If two circles intersect, their center-line is the 
perpendicular bisector of their common chord. 




Given the Os and 0' intersecting at A and B. 
To pnyve 00^ is the J. bisector ofAB. 
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Proot Draw the radii OA, OB, O'A, and O'B. 
Then OA = OB and O'A = O'B, § 213 

(radii of the same circles). 

.-. 00' is the ± bisector of AB, § 109 

(two points equidistant from the extremities of a line determine the ± 

bisector of the line) . q. b. D. 

Proposition XIV. Theorem. 

263. If two circles are tangent to each otheVy th^ 
center4ine passes through the point of contact. 





Given the Os and 0' tangent to each other at the point P. 

To prove Plies on the line 00' . 

Proof. The circles and 0' are tangent to the same straight 

line ^IB at P. § 221 

But a ± to AB at P passes through and 0', § 254 

(the A. to a tangent at the point of contact passes through the center of 

the circle), 

.'. P lies on the line 00' ^ § 52 

(only one ± can he drawn to a given line at a given point 

in the line) . Q. B. D. 



Ez. 120. Describe the relative positions of two circles if their center- 
sect: 

(1) 18 greater than the sum of their radii. 

(2) is equal to the sum of their radii. 
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(8) is less than the sum but greater than the difference of their radiL 

(4) is equal to the difference of their radii. 

(5) is less than the difference of their radii. 
Illustrate by a figure in each case. 

Ex. 121. The straight line drawn from the center of a circle to the 
point of intersection of two tangents is the perpendicular bisector of the 
chord joining their points of contact. 



Proposition XV. Theorem. 

264. Parallels intercept equal arcs on a circle. 




Given two Us, AB and D£, catting the O, whose center is C 
To prove arc AD = arc BE, 

Proof. Draw the diameter MN 1. AB. § 114 

Then MN JL DE, §139 

.•. arc MD = arc ME, § 238 

(a diameter ± a chord bisects the chord and its subtended arcs). 
For the same reason arc MA = arc MB. 

.-. arc MD — arc MA = arc ME — arc MB, Ax. 3 



or 



arc AD = arc BE. 



Q.B.D. 
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265. Note. The preceding proposition is true however the parallels 
are drawn ; that is, if both are secants, or one is a tangent and the other 
a secant, or both tangents, and the proof is similar to the foregoing. 





MEASUREMENT. 

266. The ratio of two quantities of the same kind is the 

quotient obtained by dividing the first quantity by the second. 

Thus^ if a and b are quantities of the same kind, the ratio of a 

to b is ?• 



267. The measure of a quantity is its ratio to another 
quantity of the same kind, called the unit of measure. This 
ratio is called the numerical measure of the quantity. 

268. The ratio of two quantities of the same kind is the 
ratio of their numerical measures. 

269. Two quantities are commensurable when there is a third 
quantity, called their common measure, that is contained an 
integral number of times in each. 

270. Two quantities are incommensurable when they have no 
common measure. 

271. The ratio of two commensurable quantities is called a 
commensurable ratio, and the ratio of two incommensurable 
quantities is called an incommensurable ratio. 
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Thus, two lines whose lengths are 8J and 9f in., respeo- 
tively, are commensurable, for they have the common measure 
^ in. ; but if the lengths of two lines are 2 in. and V3 in., 
respectively, they are incommensurable, for there can be 
found no line, however small, that will divide each of them 
without a remainder. 

LIMITS. 

272. A constant is a quantity whose value remains un- 
changed throughout the same discussion. 

273. A yariable is a quantity which, under a law of change, 
is subject to a succession of different values in the same dis- 
cussion. 

274. The limit of a variable is a constant which the variable, 
subject to the law of change, continually approaches, but which 
it cannot exactly reach. That is, the difference between a 
variable and its limit may be made less than any assignable 
value, however small, but not zero. A variable may be greater 
or less than its limit. 

^ J b' h"h ^ 

Thus, suppose a point to move from A towards B under the 
condition that it shall move the first second half the distance 
from A to B, and each succeeding second half the remaining 
distance to B\ that is, to the points O, C", 0\ C", etc., respec- 
tively. Then it is evident that the moving point may be made 
to approach B as nearly as we please, but that it cannot reach 
B) for, by the condition, it moves each second through half the 
remaining distance between its position and the point B. 

Hence the line ^C is an increasing yariable, which ap- 
proaches the line AB as its limit, and the line CB is a decreaa- 
ing variable, which approaches zero as its limit. 
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As a second illustration^ consider the decimal fraction 
333333 . . . , the incomplete reduction of ^ to the decimal form. 
This may be written ^^ + ^^ + ^^ + etc. 

The value of each of these fractions after the first is one 
tenth that of the preceding one. The series may be continued 
until the last fraction written differs from zero as little as we 
please, or less than any assigned value, or until the sum of the 
series of fractions differs from ^ by less than an assigned 
value; therefore, the value of the successive fractions ap- 
proaches zero as a limit, while the value of the sum of all the 
fractions approaches ^ as a limit. 

275. Theorem. If two variables are constantly equal 
and each approaches a limits their limits are equal. 



•C' 



^ i — t- 

^' p o' 

Given AB and A'B', two equal variables, having the limits AC 
and A'C, respectively. 

Tojn-ove AC=A'C*. 

Proof. Suppose either, as A' (7, to be less than the other, as 
AC, Then on AC suppose AD is taken «= A'C 

Then the variable AB, which may be made to differ from 
AC hy less than any assigned quantity, may be made greater 
than AD, while A'B' is always less than A'C or its equal AD, 
and the two variables are, therefore, unequal, which is contrary 
to the hypothesis. 

.\AC=A'C. Q.E.D. 

276. Theorem. If the limit of a variable is zero, the 
limit of the product of the variable by a constant is zero. 
Given a constant k and a variable x, whose limit is zero. 
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To prove the limit of lex is zero. 

Proof. Let there be taken any quantity, ^, however small 
but greater tlian zero. 
Then we may choose a value for x so that 

k 
Whence kx < q. 

Hence kx may be made less than any assigned quantity, 
but not zero. 

.-. the limit of kx is zero. q. b. d. 

277. Theorem. T/ie limit of the product of a con- 
stant and a variable is the product of the constant by 

the limit of the varidble. 
Given a constant k, and a variable x, whose limit is a. 

To prove the limit of kx is ka. 

Proof. Let d be the variable difference between the variable 
X and its limit a. 
Then x = a.+ d. 

Hence kx=ika + kd. 

But the limit of d is zero. § 274 

.'. the limit of kd is zera § 276 

.*. the limit of kx is ka. § 274 

Q.B.D. 

278. Cor. 27ie limit of the quotient of a variable divided by 
a constant is equal to the limit of the variable divided by the 
constant, 

279. Theorem. The limit of the product of two varir 
ables is the product of their limits. 

Given the variables x and y, and their respective limits a and b. 
To prove the limit of xy is ab. 
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Proof. Let d and d' be the variable differences between x 
and y and their respective limits. 

Then a; == a + d^ 

and y=^b + d'. 

Whence xt/==ab + (ad' + 6d -f- cW). 

.•. xy =:ab -{• the terms whose limit is zero. 

.-. the limit of 0^ is a5. §274 q.b.d. 

280. CoK. The limit of the nth power of a variable is the nth 
power of its limit. 

281. Theorem. The limit of the sum of two or more 
variables is the sum of their limits. 

Given x and y, variables, and a an4 b, th^r respective limits. 
To prove the limit of x + y \^ a -\- h, 

• 

Proof; Let d and d' be the variable differences between sb 
and y and their respective limits. 

Then x = a + d, 

and 3^ = 6 -h d'. 

Whence a? + 3^ = a + ^ + (d + (f). 

r 

But the limit of d + d' is zero. I 274 

.•. the limit of a? + y is a + 6. q.b.d. 

Similarly for three or more variables. 

282. Theorem. If two variables have a constant ratio^ 
a,nd each approaches a limits the limits have the sams 
ratio. 

Given the variables x and y, having a and b for their respec- 
tive limits, and the constant ratio — = r. 

y 

To prove 2=-_. 

h y 
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Proof. 

Hence 
Then 



or 



X 

- = r. 

y 

x = ry, 

the limit of x = the limit of ry, 

= r X the limit of y, 
a=srb, 

'b y 



Hyp 

§275 
§277 

Q.B.D. 



Note. In assaming a; = a + <2 in the foregoing demonstrations, x was 
considered a decreasing variable. The same proofs would hold were x 
taken as an increasing variable. 



Proposition XVI. Theorem. 

283. In the same circle^ or in equal circles^ centred 
angles have the same ratio as their intercepted arcs. 






To p7*ove 



Given the Os and 0', in which the central ^a AOB and A'O'B 
intercept the arcs AB and A'B', respectively. 

: ^A'0'B' ^ arcA^B' 
^AOB arcAB' 

Proof. Case 1. When the ares are commensurable. 

Let the arc MNhe a common measure of arcs AB and A'B\ 

Suppose it is contained in the arc A'B' m times and in the 

arc AB n times. 

arc A'B^ _ m 

arc -45 n 



Then 



§268 
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If radii be drawn to the points of division, they will divide 
the ^ A&B^ into m equal angles and the ^ AOB into n equal 
angles. §233 

Hence ^A!O^B^^^A!B^ 

^ AOB arc AB 





Case II. When the arcs are incommensurable. 

Suppose the arc AB to be divided into any number of equal 
parts. 

Take one of these parts and let it be applied as a unit of 
measure to the arc A'B^. The sltcA'B' will contain this unit a 
certain number of times and leave a remainder less than the unit. 

Suppose the unit of measure to be contained an integral 
number of times in the arc A'C, with CB' as the remainder. 

Draw the radius O'C, 

Then, since the arcs AB and A^C are commensurable, 

:^A0B~'2ivcAB' ^^^^^ 

Let the unit of measure be indefinitely decreased. Then the 
remainder CB', always less than the unit of measure, must 
likewise decrease indefinitely. 

Hence the arc A'C approaches the arc A'B^ as a limit, and 
:^A'0'C approaches ^ A'O'B' as a limit. 

arc A^O , s.vc A'B^ ,. .. ^ ^^ 

. •. T^ approaches j^ as a limit, § 278 

arc jiLJS arc ^ *» 

and ^ Ann ^PP'"o*<''i^s T. ^^^ as a limit. § 278 
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But the vaxiables r=r and ——r^rzr are always equal. 

arc ^5 ^AOB *"^ * **J^ ^ 

•■• ^AOB areas' ^ 

Q. E. D. 

284. Cob. 1. The ratio of a central angle to a perigon is 
equal to the ratio of the intercepted arc to the circle, 

285. Cob. 2. A straight central angle intercuts a semicircle^ 
and a right central angle intercuts a quadrant 

286. Cob 3. In equal circles two sectors have the same ratio 
as their central angles, 

287. A circle is supposed to be divided into 360% hence 
a unit central angle intercepts a unit arc. Therefore the 
numerical measure of a central angle is equal to the numerical 
measure of the intercepted arc. For the sake of brevity and 
for convenience in comparing the magnitude of angles by 
means of their intercepted arcs, this relation is expressed by 
saying, A central angle is measured by its interested arc. 



Pboposition XVII. Theobem. 

288. An inscribed angle is measured by half its irv- 
tercepted arc. 




Given the ^ ABC inscribed in the O 0. 

To prove ^ ABC is measured by half the arc AG. 
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Proof. Oase T. When one side of the angle is a diameter of 

the circle. 

Draw OA. 

Then in AAOB, 0A= OB, being radii of the same circle. 

.\^ABO=:^BAO. §98 

But '^A0C = :^AB0-{-:^BA0 = 2:^ABa §168 

.\^ABC==i:^Aoa 

But ^ AOC is measured by arc AC. § 287 

.•. ^ ABC is measured by half the arc AC 




Case II. When the center is within the angle. 

Draw the diameter BD. 
Then ^ ABD is measured by J arc AD, and DBC by ^ arc 
DC Case I. 

.-. ^ (^5Z) + DBC) is measured by J arc (-42> -h Z>C7), 

or ^ -4BC7 by i arc ^C. 




Case III. When the center is without the angle. 

Draw the diameter BD. 
Then ^ ABD is measured by J arc AD, and ^ C-BZ> by ^ arc 
CD. Case I 

.-. ^ (-45D - CBD) is measured by ^ arc (AD - CD), 
or ^ ABC hy i SiTC AC. Q.B.D. 
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289. Cor. 1. Angles inscribed in the same segment, or in 
equal segments, are equal. 

290. Gob. 2. An inscribed angle is acute, right, or obtuse, ac- 
cording as the segment is greater than, equal to, or less than, a 
semicircle. 



\ y 



i>v 



9<{ 



/ 






p 



-B 



KoTE. § 290 suggests another method of drawing a perpendicular to 
a given line at a given point in the line (see § 113). Given P, the point in 
AB, Take as a center any point C, without AB and not in the perpen- 
dicular to AB at P, and with radius CP describe an arc cutting AB at D 
and P. Draw DC and produce it to meet the arc again KtfE, Then PE 
is the perpendicular required, the angle DPE being inscribed in a semi- 
circle, and, therefore, a right angle. 

291. Cor. 3. The circle described upon the hypotenuse of a 
right triangle as diameter passes through the vertex of the right 
angle. 




Ex. 122. The opposite angles of an inscribed quadrilateral are supple- 
mentary. 

Pboposition XVIII. Theorem. 

292. The angle formed hy a tangent and a chord 
drawn to the point of contact is measured hy half the 
intercepted arc. 
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Given the O 0, and the ^ m^ fonned by the tang^ent AB and the 
chord CD. 

To prove 

^ m 18 measured by ^ arc CD, and '^pby \ arc DEC. 

Proof. Draw the chord DE II AB. § 154 

Then ^m=^^n. § 143 

But ^ w is measured by ^ arc EC. § 288 

.\ ^ m is measured by \ arc EC Ax. 1 

But arc EC = arc CD, § 264 

(lis intercept equal arcs). 

.\ ^ m is measured by ^ arc CD, 

Also ^ p, the supplement of ^ m, is measured by ^ arc 

DEC, the conjugate of arc CD. q.b.d. 



Ex. 123. Using § 292, prove § 257. 




Ez. 124. If two circles are tangent to each other, and two secants are 
drawn through the point of contact, the chords joining their extremities 
are parallel. 
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Proposition XIX. Theorem. 

293. The angle formed by tivo chords intersecting 
within the circle is measured by half the sum of the 
intercepted arcs. 




Giyen the O 0, and two chords, AD and BC, intersecting at P. 
To prove ^ CPD is measured by ^ (arc CD -|- arc AB). 

Proof. Draw AO, 

Then in A APC, :^ DPO==:^ A-^:^ C, § 158 

(an exterior '^ofaA = the sum of the two non-adjacent int. ^«). 

But ^ ^ is measured by ^ arc CD, § 288 

(an inscribed ^ is measured by ^ its intercepted arc) . 

and ^ C is measured by ^ arc AB, § 288 

.-. ^ CPD is measured by ^ (arc CD + arc AB), q.b.d. 



Ex. 125. If through any point within a circle two perpendicular 
chords are drawn, the sum of two opposite intercepted arcs is equal to a 
semicircle. 

Proposition XX. Theorem. 

294. The angle formed by two tangents, or by a tan- 
gent and a secant, or by two secants, intersectiny with- 
out the circle, is measured by half the difference of the 
intercepted arcs. 
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Ill 






Fio. 1. 



Fio. 2. 



Fio. 3. 



I. Giyen the O (Fig. i), and the two tang^ents, AD and AE^ 
touching; the circle at B and C, respectiyely. 

To prove ^ Ais measured by ^ (arc BNG-^arc BMC). 

Proof. Draw BC. 

Then in A .ABCi^^+^c = ^ 6, §158 

or ^^=^6-2(:c. 

But ^ 6 is measured by \ arc BNC, § 292 

and ^ c is measured by ^ arc BMC. § 292 

.*. ^ ^ is measured by ^ (arc JB-^C— arc BMC). 

II. Given O (Fig. 2)^ and tangent AE and secant AD. 
To prov,e ^Ais measured by ^ (arc BND — arc BMC). 
Proof. Draw BD. 

Then ^^ = ^aj-^y. §158 

But ^ a? is measured by | arc BND, § 292 

and ^ y is measured by ^ arc BMC. § 288 

.•. ^ -4 is measured by ^ (arc BND—s.tg BMC). 

III. Giyen O (Fig. 3) and two secants AE and AD. 
To prove ^ A is measured by \ (arc DE — arc BC). 
Proof. Draw BD. 

Then ^.4 = ^m-^ii. §158 

But ^ m is measured by ^ arc DE, § 288 

and ^ n is measured by \ arc BC. § 288 

.'. ^ ^ is measured by ^ (arc Z>j&— arc BC). q.b.d. 



112 BOOK n. PLANE GEOMETRY. 



CORHBLATIVITY AND CONTINXnTY. 

295. Some pairs of geometric concepts differ in meaning 
only in that they denote opposition in direction, position, opera- 
tion, etc. The names of such concepts are called correlatiye 
terms, and two theorems, formed each from the other, by the 
interchange of correlative terms, are called correlative theorems. 

Correlative Terms. 

interior, exterior. 

internal, external. 

inscribed, circumscribed. 

acute, obtuse. 

sum, difference. 

positive, negative. 

bisector of angle, perpendicular bisector of side. 

maximum, minimum. 

greater, less. 

296. There is sometimes an intermediate term correspond- 
ing to two correlative terms ; as right is the intermediate be- 
tween acute and obtuse; equal the intermediate between greater 
and less, and the interchanging of such terms gives a series of 
three kindred theorems, susceptible of being stated in general 
terms as one theorem. Thus all the theorems concerning the 
measurement of angles by arcs of a circle, the sides of the 
angle intersecting within, on, or without the circle, may be 
included in the general theorem : 

The angle formed by two intersecting lines cutting or touching a 
circle is measured by half the algebraic sum of the intercepted 
arcs; both arcs being considered positive when the lines intersect 
within f/ie circle; one arc as zero wlien they intersect on the circle; 
and the greater arc positive and the lesser arc negative when they 
intersect without the circle. 
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This method of treatment applied to the different relative 
^sitions of lines^ etc., is called the Principle of Continuity. 



Ex. 126. The bisectors of the angles of a circumscribed polygon pass 
through the center of the circle. 

Ex. 127. The perpendicular bisectors of the sides of an inscribed 
polygon pass through the center of the circle. (Correlative of Ex. 126.) 

Ex. 128. The shorter segment of the diameter through a given point 
within a circle is the shortest line that can be drawn from that point to 
the circle. 

Ex. 129. The longer segment of the diameter through a given point 
within a circle is the longest line that can be drawn from that point to 
the circle. (Correlative of Ex, 128.) 

Ex. 130. If two opposite angles of a quadrilateral are supplementary, 
a circle may be circumscribed about the quadrilateral. (Converse of 
Ex. 122.) 

Ex. 131. The sum of the legs of a right triangle is equal to the simi 
of the hypotenuse and the diameter of the inscribed circle. 

Ex. 132. If two circles are tangent externally to each other, the tan- 
gents to them from any point of their common interior tangent are equal. 

Ex. 133. If the angle formed by two tangents is 80", how many degrees 
are in each of the intercepted arcs ? 



C 




y 



Ex. 134. The central angles subtended by any two opposite sides of a 
circumscribed quadrilateral are supplementary. 
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Ex. 135. An exterior angle of an inscribed quadrilateral is equal to 
the opposite interior angle. 

Sx. 136. Two chords perpendicular to a third chord at its extremities 
are equal. 




Ex. 137. An inscribed parallelogram is a rectangle. 




Ex. 138. A circumscribed parallelogram is a rhombus or a square. 

Ex. 139. All chords of a circle tangent to an interior concentric circle 
are equal and are bisected at the points of contact. 

Ex. 140. If the inscribed and circumscribed circles of a triangle are 
concentric, the triangle is equilateral. 




Ex. 141. Circles drawn on two sides of a triangle as diameters inter- 
sect on the third side. 

Ex. 142. If the angle formed by a tangent and a secant is 20° and the 
greater intercepted arc is 80°, what is the lesser intercepted arc ? 

Ex. 143. The circle described upon one of the legs of an isosceles 
triangle as diameter bisects the base. 
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Proposition XXI. Problem. 
297. To bisect a given arc. 



Giyen the arc AB. 

Required to bisect the arc AB, 

Construction. Draw the chord AB. 

Draw CDy the ± bisector of chord AB. - § 112 
Then CD bisects the arc AB at E. 

Proof. GD is the ± bisector of the chord AB. Cons. 

.-. CD bisects arc ABy § 239 

(t?ie X bisector of a chord passes through t?ie center of the circle and 

bisects the arcs of the chord). q. b. F. 

Proposition XXII. Problem. 
298. To find the center of a given arc. 




Giyen the arc AB. 

Required to find the center of the arc AB. 
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ConstructioxL Draw any two chords of the arc, as MN and BC. 

Draw DE and FU, the JL bisectors of chords MN and 
BG. § 112 

These ±8 meet in some point 0. § 138 

But the center lies on DE and FH. § 239 

.*. the point O is the center required. § 10 (h) 



Q.B.F. 



Pboposition XXIII. Pboblem. 



299. Given two angles of a triangle, to construct the 
third angle. 



\ 



B* 








Given ^s A and B, two angles of a A. 

Bequired to construct the third angle of the A. 

Construction. Draw any st. line CD and at any point E on 
the line construct ^ DEF= ^ B, and ^ FEG = ^ ^. § 125 

Tb<3n ^ GEO is the angle required. 
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Proof. Since the sum of the three angles of a A = a st. i^, 

§155 
and ^ DEF-\- ^ FEG + ^ GEC=2i, st. ^, § 62 

then the sum of the ^s DEF, FEG, and GEO = the sum of 
the 2(l8 of the A. 

But :^ DEF=:^ B Siud :^ FEG =::^ A, Cons. 

.-. the third ^ of the A = ^ GEO. Q. e. f. 

Pboposition XXIV. Problem. 

300. To divide a given straight line into any given 
number of equal parts. 

X Y z ^ 

-A-^r— — 7 y 7 jB 

^^ / / / 

Giyen the st. line AB. 

Required to divide AB into any given number of equal parts. 

Construction. Draw any indefinite line AP. 

Take AC, a line of convenient length, and apply it to AP as 
many times as AB is to be divided into equal parts. 

From F, the last point of division, draw FB. 

Through E, X>, and (7, the other points of division, draw 
lis to FBy § 154, cutting AB in X, T, and Z. These lines 
divide AB as required. 

Proof. The lis (7X, DT, and FB intercept equal parts of 
AP. Cons. 

.•. AB is divided into equal parts, § 182 

[if a series of \\s intercept equal lengths on one transversal^ they intercept 

equallengths on every transversal). Q. B. P, 
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Proposition XXY. Peoblem. 

301. To construct a triangle, having given two anr 
gles and the included side. 






8 

Giyen ^s m and n, and the included aide a. 

Required to construct the A. 

Conatruction. Draw the line AB = 8, 

At A construct an ^ = ^m § 125 

At B construct an ^ = ^w. § 125 

Produce the sides of these ^s until they meet at C, 

Then A ABC is the A required. 

Proof. Since ^ ^ = ^m, ^ JB = ^n, and AB = s. Cons. 

.-. A ABC is the A required. § 94 

Q.E.P. 

Diacussion. The problem is impossible if the sum of the 
two given angles is not less than a straight angle. § 155 



Ex. 144. To construct a triangle, having given two angles and the 
side opposite one of them. (Find the third angle hy 299 and apply 301.) 

Proposition XXVI. Problem. 

302. To construct a triangle, having given two sides 
and the included angle. 
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m 



n 





Giyen m and n, two sides of a A, and a, the included ^. 

Required to construct the A. 

Construction. Draw AB = m. 

At A construct ^ JB-rlP= ^ a. 

On ^IP lay off ^(7==n. 

Draw JBC. 
Then A ABC is the A required. 

Proof. A ABC has by construction two sides and 
eluded angle = the given sides and included angle. 

Pboposition XXVII. Pboblem. 



125 



the in- 
§91 



303. To construct a triangle^ having given the three 
sides. 



m 



n 



P 




Given m, n, and p, the sides of a A. 

Required to construct the A. 

Construction. Draw AC^p, 

With A and C as centers and radii = m and n, respectively, 
describe arcs intersecting at JB. 

Draw BA and BC 
Then A ABC is the A required. 



120 
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Proof. The A ABC has its sides equal by construction to 
the given sides. § 123 

Q.E.F. 

DiscuBBion. The problem is impossible when one of the 
given sides is not less than the sum of the other two. § 86 

Proposition XXVIII. Problem. 

304. To construct a triangle, having given two sides 
and the angle opposite one of them. 



n 





Given m and n, two sides of a A, and ^ a, opposite the side n. 

Required to construct the A. 

Construction. 

Case I. When ^ a is acute. 

Construct ^ BAE = i^ a (§ 125), and on AB lay off AC= m. 

With C as a center and a radius n, describe an arc cutting 
AE at 2>. Draw CD. 

Then A ACD is th6 A required, having the two sides and 
the angle equal to the given parts. q.b.f. 

C 




IMscnssion. 1. When n < CF, the perpendicular from C to 
AE, no solution is possible. 
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2. When n = CF, the arc will touch AE, and there is one 
solution, the rt. A ACF. 

3. When n > CF but < w, the arc cuts AE in two points, 
D and 2)', making FD = FD^ (§ 118), and there are two solutions, 
the As ACD and ACiy. 

This is called the ambiguous case. 

C 




4. When n = m, the arc cuts AE in i> and -4, and there is 
one solution, the isosceles A ACD. 

5. When n>my the arc cuts AE in D and Z>', making 
FD' = FD>FA (§ 120) ; therefore A lies between D and 2)', 
and there is one solution, the A ACD. 

c 




Case II. When ^ a is a rt. ^. 

Then n>m. § ll6 

AD = ^Z>'. § 118 

Hence there is one solution, the congruent rt As ACD and 
ACD\ 



^ 
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Case III. When ^ a is obtuse. 

Then n > «, f 128 

and F lies between A and I/, and there is caoe^ snTntinn, the 
obtuse A ^(7Z>. 



Pboposition XXTX, Pedi 



305. 7b construct a parallelogram^ karmg gwem two 
aides and the included angle. 



m 



n 





Oiyen two sides, m and n, and the indnded ^ a. 

llequired to comstract the O. 

Construction. Draw AB = m. 

Construct ^ i^.45 = ^ a. . §125 

On JJ* take ulD = Ik 

With B and D as centers, and with radii » and m, respeo- 
iirh]y, df^scribe arcs intersecting at C. 

Draw EC and 2X7. 

Th^i ^JBTCD is the O required. 

Froc*. ^D = BC, and ^IB = 1X7- Ccms. 

.-. ABCD is a O, § 172 

'^Z/ (^44 tfpponiUi $iiU$ of a quadrilateral are eqmal^ Uig a O). Q. B. F. 
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Proposition XXX. Problem. 

306. To circumscribe a circle about a given triangle. 




Given the A ABC. 

Required to circumscribe a O about the A ABC. 

Construction. Construct the J. bisectors of any two of the 
sides, as AB and ACy at D and E, respectively. § 112 

These JLs will meet in some point, 0. § 138 

Then with as a center and a radius OA describe a O. 
This will be the O required. 

Proof. OA^OB:=i OC. § 200 

.-. is the center of the © through A, B, and C. q.b.f. 



Ex. 145. To construct a triangle, having given two sides and the 
radius of the circamscribed circle. 

Ex. 146. The line through the mid-points of two parallel chords 
passes through the center of the circle. 




Ex. 147. Two circles are tangent at P, and a common exterior tan- 
gent touches them at A and B, respectively. Prove the angle APB is a 
right angle. 
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PltOPOSITIOir XX XL PSOBLEM. 



307. To inscribe a cirde in a given triangle. 




Ghren the A ABC. 

Required to inscribe a O in A ABC. 

ConstmctioiL Bisect any two ^s of the A, as ^s ^ and B. 

§129 

The bisectors will meet in some point, O. § 196 

Draw OD±AB. § 114 

Then with O as a center and OD as radins describe a O. 
This will be the O required. 

Proof. O is equidistant from ABy AC, and BC. § 196 

.-.' The O whose center is O and radios OD will touch each 
side of the A. q.s.f. 




306. ^OTX. An escribed circle is tangent to one Me of a trian^e and 
to the other two sides produced. The center of an escribed circle is the 
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intersection of the bisectors of the exterior angles of a triangle. A tri- 
angle has three escribecl circles.. The centers of the escribed circles are 
called the ex-centers of the triangle. 



Ex. 148. If a circle is described upon one leg of a right triangle as 
diameter, the tangent through the point of intersection of the circle and 
the hypotenuse bisects the other leg. 




Proposition XXXII. Problem. 

309. To draw through a given point a tangent to a 
given circle. 





Fio. 1. 



Fio. 2. 



Case I. When the given point is on the circle. 

Given any point P, on the © whose center is (Fig. i). 
Required to draw through P a tangent to the O 0. 

Construction. Draw POy and through P draw AB J. OP. 

§290 
Then AB is the tangent required. 

Proo*- ^5 is J. OP. Oons. 

.-. AB is tangent to O 0, § 252 

(a St, line ± a radius at its extremity is tangent to the O). 
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Fio. 1. 



Fig. 2. 



Case II. When the given point is without the given O. 
Given any point P, without the O (Fig. 2). 
Required to draw through P a tangent to the O 0. 
Construction. Draw OP and bisect OP at C. § 112 

With C7 as a center and CP as a radius describe a O9 inter- 
secting the given circle at A and B, 

Draw PA and PB. 

PA or PB is the tangent required. 

Draw OA and OB. 

:^s OAP and OBP are rt. :^s, 
(being inscribed in a semicircle). 

.'. PA and PB are tangents to the O 0. 



Then 
Proof. 



290 



§252 

Q.B.F. 



Ex. 149. To construct a triangle, having given one side, an adjacent 
angle, and the radius of the inscribed circle. 

Ex. 150. Construct a right triangle having given one leg and the 
radius of the circumscribed circle. 



Proposition XXXIII. Problem. 

310. Upon a given straight line as a chord, to con- 
struct a segment of a circle which shall contain a given 
angle. 
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Given the line AB, and the ^ m. 

Required to construct upon AB as a chord, a segment of a 
O in which any inscribed ^ = ^ m. 

Construction. Construct ^ BAC = ^ m. § 125 

Draw AFXAC. § 113 

Draw DO, the ± bisector of AB, intersecting AFsit 0. § 112 
With as a center, and OA as a radius, describe the ABQ. 
Then AEB is the required segment. 

Proof. OA = OB. § 108 

.". the O passes through B, and AC is a tangent. § 262 

Then ^ BAC is measured by | arc AB. § 292 

But the inscribed ^ AEB is measured by ^ arc AB. § 288 

.\ :^ AEB = :^ BAC = :^m. 

.'. the segment AEB contains the required jf. q.b.p. 



Ex. 161. If a circle is described upon the radius of another circle as 
diameter, any chord of the greater circle through the point of tangency 
is bisected by the smaller. 

Ex. 162. The angle formed by two tangents from a point whose dis- 
tance from the center of the circle is equal to the diameter, is one third a 
straight angle. 
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Xz. 163. If tangents CA and DB are drawn to the extremities of 
the diameter AB to meet a third tangent at C and D, the angle COD is 
a right angle. 




D B 




Ex. 154. The bisectors of the vertical angles of all triangles having 
equal vertical angles and standing on the same side of the same base are 
concurrent. 




Ex. 166. is the in-center of an inscribed triangle ABC, A0\& pro- 
duced to meet the circle at Z>. Prove that OD = DC. 

Ex. 156. Construct the complement of a given angle. 

Ex. 157. Construct the supplement of a given angle. 

Ex. 158. Given three angles of a quadrilateral, to construct the fourth 
angle. 

Ex. 159. Construct an angle of 46^. 

Ex. 160. Construct an angle of 60^ 

Ex. 161. Construct an angle of 75^ 






Ex. 162. Trisect a right angle. 
Ex. 163. Trisect a straight angle. 



THE CIRCLE. 129 

Ex. 164. Draw a tangent to a given circle so that it Shalt be parallel 
to a given line. 

Ex. 165. Draw a tangent to a given circle so that it shall be perpen- 
dicular to a given line. 

Ex. 166. Draw a tangent to a given circle so that it shall make with a 
given line an angle equal to a given angle. 

Construct an equilateral triangle, having given : 

Ex. 167. One side. 

Ex. 168. The altitude. 

Ex. 169. The radius of the inscribed circle. 

Ex. 170. The perimeter. 

Construct an isosceles triangle, having given: ; 

Ex. 171. The base and the radius of the circumscribed circle. T. 
Ex. 172. The base and the radius of the inscribed circle. 
Ex. 173. The altitude and an angle at the base. 
Ex. 174. The altitude and the vertical angle. 

Construct a triangle, having given : 

Ex. 176. One side, an adjacent angle, and the sum of the other two 
sides. 

Ex. 176. One side, an adjacent angle, and the difference of the other 
two sides. 

Ex. 177. Two angles and the radius of the circumscribed circle. - 

Ex. 178. Two angles and the radius of the inscribed circle. 

Ex. 179. Two sides and the median to the third side. 

Ex. 180. One side and the medians to the other sides. 

Ex. 181. The three medians. 

Ex. 182. Two sides and the altitude to the third side. 

Ex. 183. One si4e and the altitudes to the other sides. > 
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Xz. 184. Odo side and the median and the altitude to that side. 




Sz. 185. One side and the median and the altitude to another side. 

Ez. 186. One side, the altitude to a second side, and the median to 
the third side. 

Sz. 187. One side, an adjacent angle, and the radius of the circum- 
scribed circle. 

Ez. 188. The mid-points of the sides. 

Xz. 189. The base, the altitude, and the vertical angle. 

Xz. 190. Th(B base, the corresponding median, and the vertical angle. 

Construct a square, having given : 

Xz. 191. The side. 

Xz. 192. The sum of diagonal and side. 

Xz. 193. The difference between diagonal and side. 

Construct a rectangle, having given -. 

Ez. 194. Two adjacent sides. 

Xz. 195. One side and the diagonal. 

Ez. 196. The perimeter and the diagonal. 

Ez. 197. The perimeter and the angle formed by the diagonals. 

Xz. 198. One side and the angle formed by the diagonals. 

Construct a rhombus, having given : 

Xz. 199. One side and one angle. 

Ez. 200. One side and one diagonal. 

Ez. 201. One angle and one diagonal. 

Ez. 202. One sid^ an4 the radius of the inscribed circle* 
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Constract a parallelogram, having given : 

Ex. 203. Two sides and a diagonal. 

Ex. 204. The diagonals and the angle between them. 

Ex. 205. One side and the two diagonals. 

Ex. 206. One side, one angle, and one diagonaL 

Constmct a trapezoid, having given : 

Ex. 207. The bases and the legs. 

Ex. 208. The bases and the diagonals. 

Ex. 209. The bases, one diagonal, and the angle between the di- 
agonals. 

Ex. 210. One base, one angle at this base, and the two legs. 

Find the locns of : 

Ex. 211. The vertex of the right angle of a right triangle, having a 
given hypotenuse. 

Ex. 212. The mid-points of the chords drawn through a given point 
on the circle. 

Ex. 213. The mid-points of the chords drawn through a given point 
within the circle. 

Ex. 214. A point at a given distance from a given point. 

Ex. 215. A point at a given distance from a given straight line. 

Ex. 216. A point at a given distance from a given circle. 

Ex. 217. A point equidistant from two given parallels. 

Ex. 218. A point equidistant from two given intersecting lines. 

Construct a circle of given radius, 

Ex. 219. That will pass through two given points. 

Ex. 220. That will pass through a given point and touch a given line. 

Ex. 221. That will pass through a given point and touch a given circle. 

Ex. 222. That will touch a given line and a given circle. 



1S2 BOOK U. PLANB GEOMETRY. 

Constract a circle, 

Xz. 223. That will pass through a given point and touch each of two 
given parallels. 

Ex. 224. That will touch a given circle and also touch a given line at 
a given point. 

Ex. 226. That will touch a given line and also touch a given circle at 
a given point. 

Ex. 226. That will pass through a given point and touch a given line 
at a given point. 

Ex. 227. That will pass through a given point and touch a given circle 
at a given point. 

Ex. 228. That will touch two given intersecting lines and one of them 
at a given point. 

C 




Ex. 229. Find the locus of the orthocenter of a triangle, having a 
given blEuscf and a giv4n vertical angle. 

(^JShow that ^0=:8t.^-^Cand apply § 310,) 




Ex. 230. Find the locus of the in-center of a triangle, having a given 
base and a given vertical angle. 

(Show that ^ § = i :^ C + 90*^ and apply § 310.) 
Ex. 231. Draw the common tangents to two given circles. . 



Book III. 

RATIO AND PROPORTION. SIMILAR FIGURES, 



THE THEORY OF PROPORTION. 

311. A proportion is an expression of the equality of two 
ratios. 

It is written in one of the following forms : 

— = -; a:h :: cid'f a:b = c:d. 
d 

4 

This proportion is read "a is to & as c is to d"; or "the 
ratio of a to 6 is equal to the ratio of c to d." 

312. The four quantities^ a, b, Cj and d, are called the terms 
of the proportion. 

313. The first and the fourth terms are called the extremes; 
and the second and the third terms, the means of the proportion. 

314. The first and the third terms of a proportion are called 
the antecedents; the second and the fourth terms^ the conse- 
quents. 

Thus, in the proportion, a:h = c\d^a and d are the extremes, 
b and c the means, a and c the antecedents, and b and d the 
consequents. 

315. When the means of a proportion are equal, either mean 
is called the mean proportional between the first and the last 
terms, and the last term is called the third proportional to the 
first and the second terms. 

183 
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Thus, in the proportion, a:h = b:c,h is the mean proportional 
between a and c, and c is the third proportional to a and b. 

316. The fourth term of a proportion is called the fourth 
proportional to the other three, taken in order. 

Thus, in the proportion, a:b = c:d, d is the fourth propor- 
tional to a, b, and c. 

317. A series of equal ratios, as a:b = c:d = e:f, etc., is 
called a continued proportion. 

318. The two terms of a ratio must be either quantities of 
the same kind, or the quantities must be represented by their 
numerical measures. 

319. A proportion is arranged by alternation when antece- 
clent is compared with antecedent and consequent with con- 
sequent. 

320. A proportion is arranged by inversion when antecedents 
are made consequents and consequents made antecedents. 

321. A proportion is arranged by composition when the sum 
of antecedent and its consequent is compared with either ante- 
cedent or consequent. 

322. A proportion is arranged by division when the differ- 
ence between antecedent and its consequent is compared with 
either antecedent or consequent. 

323. A proportion is arranged by composition and division 
when the sum of antecedent and consequent is compared with 
the difference between antecedent and consequent. 

Proposition I. Theorem. 

324. In any proportion the product of the extremes 
is equal to the product of the means. 
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Given a : b = c : d. 

To prove ad = he. 

Proof. ? = ^. §311 

h d 

Multiplying by &d, 

cid=^hc. Q B. D 

325. Note. In geometry the product of two quantities means the 
product of their numerical measures. 

326. Cob. 1. If the antecedents of a proportion are equals the 
consequents are equal^ and conversely j if the consequents are equal, 
the antecedents are eqvxd, 

327. Cob. 2. If the first three terms of a proportion are re- 
spectively equal to the first three terms of another proportion, their 
fourth terms are equal. 



Sz. 232. Find the value of x when 5 : 6 = x : 12. 
Bz. 233. Find the value of x when a; : 8 = 3 1 24. 
Sz. 234. Find the value of x when 11 : 44 = 15 : x. 

Pboposition II. . Theobem. 

328. If the product of two quantities is equcd to the 
product of two others, either pair may he made the 
m£ans and the other pair the extremes of a proportion. 

Given ad = be. 

To prove a:b=^c:d. 

Proof. Dividing both members of the given equation by bd, 

a__c 
b~d' 

or a\h=c:d. Q. e. d 



Sz. 235. Write two proportions formed from the equation xy — ab. 
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Propositioh^ III. Theobem. 

« 

329. The mean proportional between two quantities 
is equal to the square root of their product. 
Given a:b=b:c 

To prove b = ^/ac, 

Proof. V=:ac. § 324 

Extracting the square root of both members, 

b = -y/ac. Q. B. D. 



Ex. 236. Find the mean proportional between 16 and 40. 
Ex. 237. Find the value of x when 4 : x = z : 9. 
Ex. 238. Find the valae of x when x : 6 = 24 : x. 

Proposition IV. Theorem. 

330. In any proportion the terms are in proportion 
by alternation. 

Given a : b = c : d. 

To prove a:c = b:d. 

Proof. ad = be, § 324 

.-. a:c = 6:d §328 

Q. B. D. 

Proposition V. Theorem. 

331. In any proportion the terms are in proportion 
by inversion. 

Given a : b = c : d. 

To prove b:a^d:c. 

Proof. ad = bc. § 324 

.\b:a = d:c, §328 

<^. B. D. 
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Proposition VI. Theorem. 

332. In any proportion the terms are in proportion 
by composition. 

Given a : b = c : d. 

To prove a'\-b:a = c + d:e. 

Proof. ad = hc. § 324 

Adding ac to both members, 

ac -]- ad = ac -{- be. 
Factoring, a(c + d)=: c(a + h). 

.-. a + b:a = c + d:c. § 328 

Similarly, a-^b:b = c + d:d. q. e. d. 

Proposition VII. Theorem. 

333. In any proportion the terms are in proportion 
by division^ 

Given a : b = c : d. 

To prove a — b: a = c — d:c. 

Proof. ad^zbc. § 324 

Subtracting each member from ac, 

ac — ad = a>c — be. 
Factoring, a(c — d) = c(a — 6). 

,\ a — b:a = c — d:c. § 328 

Similarly, a — bib = c — did. q. b. d. 

Proposition VIII. Theorem. 

334. In any proportion the term.s are in proportion 
by composition and division. 
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Given 


a : b = c : d. 




To prove 


a + hia — h^c-^-dic- 


-A 


Proof. 

id 


a-\-h __c + d 
a c 

a—h c—d 
a c 




Dividing (1) by (2), ItX^Zl^ 





(1) § 332 

(2) § 333 



or a + b:a -h^c + dic-'d. q.b.d. 

Proposition IX. Theorem. 

335. In a continued proportion the sum of any num- 
her of antecedents is to the sum of the corresponding 
consequents as any antecedent is to its consequent. 

Given a:b = c:d = e:f. 

To prove a + c + e:b + d +f=a : b. 

Proof. ab = ab. Iden. 

ad = bc. §324 

af=be. §324 

Adding these equations, 

ab -{- ad '\- af ^ ab +be -{• be. 
Factoring, a(b + d +f) = b{a 4- c -f e). 

.-. a4-c-f-€:6 + d+/=a:6. § 328 

Q. B. D. 

Proposition X. Theorem. 

336. If the terms of a proportion are midtiplied by 
the corresponding terms of another proportion, the 
products are in proportion. 



RATIO AND PROPORTION. SIMILAR FIGURES. 139 

Given a : b = c : d, and e : f = g : h. 
To prove ae:hf=cg:cUu 

Proof. ? = ^. Hyp 

b d 

i = 2. Hyp. 

f h ^^ 

Multiplying these equations, 

ag__ ogr 
bf'^dh' 

OP ae : bf= eg : dh. q. b.d. 

Proposition XI. Theorem. 

337. In any proportion equimultiples of the terms 
are in proportion. 

Given a : b = c : d. 

To prove ma :mb = mc : md. 

Proof. -=4- §311 

b d 

Multiplying both members by m, 

ma___ mc 
mb md^ 

OP ma : mb = mc : md, q.b. d. 

Proposition XII. Theorem. 

338. In any proportion like powers of the terms are 
in proportion. 

Given a : b = c : d. 

To prove a'^ib*^ c": (f*. 

Proof. ? = 2. § 311 

b d 
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Kaising both members to the nth power, 

or ar:h'' = c'':dr. q:B.d. 

339. Cob. In any proportion like root$ of the terms are in 
proportion. 

Ex. 239. Given a:b=:c:d, and m:n = a:c, to show that m'4n = h:d, 

Bz. 240. Given a:b = c:d, and r:8 = b:a, to show that r:8 = d:c. 

Ex. 241. Given a :b = c:d, m:n = b:d, snidpiq :=c:ay to show that 
m:n = q :p. 

Ex. 242. Transform the proportion p:q=ir:8ao that r becomes the 
fourth term. 

Ex. 243. Given x + y:x = Q :6jto find the value of -• 

y 

Ex. 244. Given x — y : y = 6 : 4, to find the value of ^' 

X 

h /? 

Ex. 246. Given a :b = c:d, to show that ma : - = wc : — 

n n 

Ex. 246. Given a:x = x:a — x, to find the vahie of x, 

Pboposition XIII. Theorem. 

340. A line parallel to one side of a triangle divides 
the other sides proportionally. 



Given the A ABC and the line D£ II AB. 
To prove DA.CD = EBi CE. 
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Proof. Case I. When DA and CD are commensurable. 
Let CF be a common measure of CD and DA, and let it be 
contained m times in DA and n times in CD, 

Then M^l (1) 

Through the several points of division on DA and CD draw 
lis to AB. § 154 

Then EB will be divided into m parts and CE into n parts, 
all of which parts are equal. § 182 

EB m 



" CE n 
Comparing (1) and (2), 

DA EB 



(2) 



CD CE 

Case II. When DA and CD are incommensurable. 

Let CD be divided into any number of equal parts, and let 
one of these parts be applied successively to DA as many times 
as possible. A certain number of these parts will extend to 
some point on DA, as G, leaving a remainder GA, less than 
one of the equal parts. 

Draw GH II AB. § 154 

Then since DG and CD are commensurable, 

^^m. CaaeL 

CD CE 

By indefinitely increasing the number of parts into which 
CD is divided, the unit of measure will be indefinitely dimin- 
ished, and the remainder GA will approach zero as a limit. 

Therefore DG approaches DA and EH approaches EB as 
limits. 

Hence -— approaches — — as a limit, § 278 

EH EB 

and — — - approaches — — as a limit. § 278 

CE CE 
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But 



-— IS constantly equal to — — , 
01) CE 

DA^EB_ 

' ' CD CE' 



Case I. 
§275 



({/ two variables are constantly equal, and each approaches a limit, their 

limits are equal), q. e. d. 

341. Cob. 1. If a line parallel to one side of a triangle cuis 
the other two aides, either side is to one of its segments as the other 
side is to its corresponding segment. 




For 



A B 

CD:DA= CE: EB, 
.\ CD-\-DA:CD= CE + EB: CE, 
or CA:CD=^CB:CE. 

Similarly CA:DA= CB : EB. 



§340 
§ 332 



342. Cor. 2. If two straight lines are ciU by parallels, the 
corresponding intercepts are proportional. 




For let the straight lines PQ and RS be cut by the lis 
AB, CD, and EF, and draw AH II RS (§ 154), cutting CD at 
O and EF at H. 
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Then 4^=:A^. §340 

CE OH 

But AO = BD and GH^ DF. § 169 

. AO^BD 

' ' CE DF 

343. Cor. 3. If a straight line parallel to the aide BC of a 
triangle ABC mta AB at D and AC at E, then DE:BC=^ 
ADiAB. 

A 




For draw DF II AC § 154 

Then CF:BC=AD:AB, §341 

But CF=DE. §169 

Substituting DE for its equal CF, 

DE:BC = AD:AB. 



Ex. 247. In a triangle ABC, DE is parallel to AB. Given -4C = 10, 
BC = 14, CD = 6, to find CE, 

Ex. 248. In the triangle ABC, DE being parallel to AB, if AD = 8, 
DC = 6, and BE = 10, find CE, 

Ex. 249. In the triangle ABC, DE being parallel to AB, if (72) = | DA 
and 5C = 30, find CE, 

Ex. 250. If in the triangle ABC, in which DE is parallel to AB, 
CD=i CE, CD = i AD, and BE = 18, find CD, 

Ex. 251. Draw through the point P in the arc AB a chord which shall 
be bisected by the chord AB, 
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Pboposition XIV. Theorem. 

344. A straight line which divides two sides of a tri- 
angle proportionally is parallel to the third side (con- 
verse of § 340). 




Given the A ABC, and the line D£ cutting AB and AC at D and 
E, respectively, making: M = ^. 

AD A£ 



To prove 


DE II BO. 


Proof. 


Suppose DF is drawn II BO. 


Then 


AB AO 
AD AF' 


But 


AB AO 
AD AF/ 


Comparing (1) 


and (2), 




AO AC 



(1) §341 

(2) Hyp. 



AF AE 
.-. AF=:AE. § 326 

.•• DF and DE coincide, and hence DE II BO. q.e.d. 



Ex. 252. In the figure for Proposition XIV, if AD = 4, BD = 6, 
AE = 6, and EC = 8, is DE parallel to BC? 

Ex. 253. To a given circle draw two tangents that shall include an 
angle equal to a given angle. 
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HARMOVIC DIVISION. 

Definitions. 

345. The line AB is divided internally at C when the point 
C is between the extremities of the line. AC and BC are 
internal segments of the line AB. 

346. The line AB is divided externally at D when the point 
D is on the prolongation of AB, AD and BD are external 
segments of the line AB, 

347. The line AB is equal to the sum of its internal seg- 
ments and equal to the difference of its external segments. 

348. When a line is divided interaally and externally in the 
same ratio, it is said to be divided harmonically. 

O 



Thus, if AB is divided internally at C and externally at D 

so that ^S^ = ^^^. AB is said to be divided harmonically at 
BC BD' 

the points C and D. 

349. The four points A, (7, B, and D are called harmonic 
points. 

350. The four lines from any point, P, through the harmonic 
points form a harmonic penciL P is the vertex of the pencil. 
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351. The points C and D are called harmonic conjugates with 
respect to A and Bj and A and B harmonic conjugates with 
respect to G and Z>. 

352. AB is the harmonic mean between AC and AD, 

353. If AB is divided harmonically at C and Z>, then CD is 

AG AD 
divided harmonically at A and B, For if ^7; = -^7;> ^l^®^ ^7 

inversion and alternation —— = . 

BD AD 

354. Relation of harmonic points on a line. Let -4, O, B, D, 

AG AD 

be harmonic points. Since — - = , it follows that if AG is 

^ BG BD 

greater than BGj AD is greater than BD-, that is, two conju- 
gate points cannot both lie between the other conjugate points : 
and if (7, the conjugate of Z>, lies between B and 0, the mid- 
point of A By D lies in the prolongation of ABy and, similarly, 
if G lies between A and 0, D lies in the prolongation of BA, 
Again, as C is made to approach one of the points, as B, the 

ratio — — increases, therefore the ratio — -, its equal, increases. 

Hence, as the ratio — — becomes indefinitely large, or as the 

segment BG becomes indefinitely small, as compared with the 
segment AG, BD becomes indefinitely small as compared with 
AD ; that is, as G approaches B, D approaches B. 

Finally, as G approaches- 0, the mid-point of AB, the ratio 

-— approaches unity; therefore, since G is taken between A 
and B, D must be in the prolongation of AB or of BA. Since 

An 

AD = BD-\-AB or BD — AB, as -^ approaches unity BD 

BD 

approaches infinity. Therefore, when G passes from a posi- 
tion between B and to a position between A and 0, D, the 
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conjugate of C, changes from a position in the prolongation of 
AB to one in the prolongation of BA, 

355. Theorem. The harmonic mean hetween two 
magnitudes is equal to twice their product divided by 
their sum. 



A c B D 

Proof. Denoting these magnitudes by lines, let the line AB 
be divided harmonically at C and D. 

Then 4^=:d^. §348 

BG BD 

Whence ADxBC^AOx BD, 

or AD (AB -AC)=AG (AD - AB). 

That is, ADxAB-AD x AC= AD x AC- AC x AB. 

Whence AB (AC + AD) = 2ACx AD. 

,^^^ 2 AC X AD Qjj^ 

AC^AD 




Ex. 254. If two circles are tangent internally, the chords of the 
greater, drawn from the point of contact, are divided proportionally by the 
smaller circle. 

A 




Sz. 256. If two polygons are congruent, their circumscribed circles 
are congruent. 
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Proposition XV. Theorem. 

356. The bisector of an interior angle of a triangle 
divides the opposite side internally into segments which 
are proportioned to the adjacent sides. 




Given the A ABC and the bisector CD of the intexlor ^ C. 
To prove AD:BD = AO: BC, 

Proof. Draw AE II CD to meet BC produced at E. § 154 

Then in A ABE, AD:BD=CExBG. §340 

Also ^ CAE = ^ ACD, § 143 

and ^ CEA = ^ BCD, § 148 

But ^ ACD = ^ BCD. Hyp. 

.'.:^CAE^:^CEA. Ax. 1 

.-. AC= CE. § 103 
Substituting AC for its equal, CE, 

AD:BD = AC:BC. qb.d, 

357. CoR. Tlie line from the vertex of a triangle dividing the 
opposite aide into segments proportional to the adjacent sides 
bisects that angle (converse of § 356). 

For only one point divides a given line internally in a given 
ratio; therefore, the point that divides a side of a triangle 
internally into segments proportional to the adjacent sides is 
in the bisector of the opposite angle. 
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Proposition XVI. Theorem. 

358. The bisector of an exteiior angle of a triangle 
divides the opposite side externally into segments ichich 
are proportional to the adjacent sides (correlative of 
§ 356). 



^ ^ ^ 

Given the A ABC, and the bisector CD of the exterior i^ C. 
To prove AD:BD = ACiBC. 

Proof. Draw AE II CD to meet BC at E. § 154 

Then in A BDG, AD:BD = EO: BG. § 341 

Also, :^ CAE = ^ AOD, § 143 

(^alt. int, "^8 ofW lines), 
and * '^CEA = :^DCF, §148 

{cor, ^« o/ll lines). 
But ^ ACD = ^ DCF. Hyp. 

.'.-^ OAE^:-^ OEA. Ax. 1 

..AC^EG. §103 

Substituting AG for its equal, EG, 

AD:BD=AG:BG, q.e.d. 



Sz. 256. Divide one side of a triangle into segments proportional to 
the other two sides. 

Ex. 257. In the figure for Proposition XV. if ^C = 8, 50 = 20, and 
AD = 4, find BD. 

Ex.258. In the same figure find AD, if AB=:li, AC = 9, and 
BC = 12. 
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359. Cor. The bisectors of the interior and the exterior angle 
at mie vertex of a triangle, not isosceles, divide the opposite side 
harmonically in the ratio of the adja/^ent sides. 




Given CD and CD', the bisectors of the interior and the exterior 
:^C of the A ABC 

AD AT/ AC 



To prove 



Proof. 



and 



BD BD' BCf 

AD^AO 
BD BC' 

AD' ^AC 
BD' BC' 

AD^AD'^AO 
BD BD* BC' 



(1) §356 

(2) §358 



Q. B. D. 
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SIMILAR FIGURES. 

360. If any number of straight lines meet in a common 
point, as 0, and on each of these lines two points, as A and A\ 

B and B\ O and C, are taken so that the ratios -^, —„ -^, 
' ' OA'' OB*' OC 

etc., are all equal, the points A and A\ B and B\ C and C\ 

etc., are called homologous points; the lines joining pairs of 

homologous points, as AB and AB\ are called homologous 

lines ; and the angles formed by pairs of homologous lines, as 

angles ABC and A'B'C\ are called homologous angles ; and the 

figures whose sides are homologous lines and whose angles are 

homologous angles, as triangles ABC and A!B^C\ are called 

similar figures. 

361. It is evident from § 151 that homologous angles are 
equal. 

362. The point O is called the center of similitude of the 
similar figures, and the constant ratio -pr-r^^ 77^' ®*^-' ^^ called 
their ratio of similitude. 

363. Since by §343^ = ^,, the ratio of similitude, it 

follows that the ratio of any two homologous sides of two 
similar polygons is equal to their ratio of similitude. In other 
words, the ratio of similitude of two similar polygons is the 
ratio of any two homologous lines of the polygons. Therefore, 
similar polygons are those whose homologous angles are equal and 
whose homologous sides are proportional. 

364. When the ratio of similitude of two similar figures is 
unity, the center of similitude is called the center of S3rmmetry, 
and the figures are said to be symm^ricit} with respect to that 
point as a center. 
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Proposition XVIL Theorem. 

365. Tivo triangles are similar if the angles of the 
one are equal, respectively, to the angles of the other. 





Given two As, ABC and D£F, having ^A = ^D, ^B=::^£, 
and :^C = :^F. 

To prove A ABC^ A DBF. 

Proof. Let A DBF be applied to A ABC so that ^ D shall 
coincide with its equal, ^ Aj and fjF fall along E*F. 

Then '^ABF' = ':^B. Hyp. 

.-. E'F' WBC. ' § 149 

.\AE'iAB=:AF^xACy §341 

or DE:AB==DF:Aa 

Again, E'P iBG^AW :AB, §343 

or EF:BC=:DE:AB. 

.'.AABC^ADEF, §363 

(having their ^s equal and their homologous sides proportional). 

Q-B.l>- 

366. Cor. 1. Two triangles are similar if two angles of the 
071 e are equal, respectively, to two angles of the other. 

367. Cor. 2. Two right triangles are similar if an acute 
angle of the one is equal to an acute angle of the other. 
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Proposition XVIJI. Theorem. 

368. Two triangles are similar if they have an angle 
of the one equal to an angle of the other and the includ- 
ing sides proportional. 




s 




Given As ABC and DEF in which :^ A = X D, and — = ^. 

^ ^ D£ DF 

To prove A ABC ^ A DEF. 

Proof. Let A DEF be applied to A^BC so that. ^ D shall 
coincide with its equal, ^ Ay and let EF take the position E^F^, 

AE' AF' 

-ab'^ag' ^^p- 

.-. E'F' IBG. § 344 

.'.'^AE'F'^^By §148 
or ^ E = ^B, 

.'.AABC^ADEF, §366 

{having two ^s of one = two ^« of the other). 

Q. B. D. 



. Sz. 269. The perpendicular from any point on a circle to a chord is 
the inean proportional between the perpendiculars from the same point 
upon the tangents drawn at the extremities of the chord. 

Ex. 260. If AD and BE are altitudes of the triangle ABC, the tri- 
aogleSr^CD and BCE are similar. . . 
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Proposition XIX. Theorbm. 

369. Two triangles are similar if their sides are 
respectively proportional. 

D A 





Given As ABC and DEP, in which M= 1?= ^, 

D£ £F DF 

To prove AABC^ADEF. 

Proof. On AB lay off AE* = DE, and on AC lay off AP 
= i>i^ and draw E'F. 

.-. E'F' iBO. § 344 
.\^AE'F'=^':fB, 

and :^ ^4F'-E?' = 1^ C. § 148 

.-. A ABO ^ A AE?'!^, § 366 

Then ^ = 4?=^. §343 

E'F* AE' DE 

But |g=4|. Hyp 

EF DE 

. BO ^BC 

.-. E'F = -Si?'. § 326 

and A DEF ^ A AE'r, § 123 

But A ABO ^ A ^JEJ'-P. Just proved 

.\ A ABO '^ A DEF. q.e.v 
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PROPOSITION XX. Theorem. 



370. Tivo triangles are similar if the sides of the one 
are^ respectively^ paralUl or perpendicular to the sides 
of the other. 




B A 




Fig. 1. 



Fig. 2. 



Given the As ABC and A'B'C' in which the sides A'B', A'C, 
and B'C are, respectively, parallel to AB, AC, and BC in Fig. i, 
and perpendicular in Fig. 2. 

To pr(yoe A ABC '^ A A'B'C 

Proof. Since the sides of the two triangles in Fig. 1 are 
parallel, and in Fig. 2 perpendicular each to each, the angles 
formed by each pair of parallel or perpendicular sides are in 
both cases either equal or supplementary. §§ 150, 152 

Hence, in both cases, there are three hypotheses : 

1. ^-4+>(:^'=st. ^; :^^ + :^5' = St. ^ ; :^(7+:^a'=st.^. 

2. ^^ = ^^'; :^5-h:^5' = st. ^; ^(7 + :^c" = st. :^. 

3. ^^ = ^^'; ^5=:^ 5'; '^C^'^Cr. §159 

But neither the first nor the second hypothesis can be true, 
else the sum of the angles of the triangle would be greater 
than a straight angle, which is impossible. § 155 

Therefore, the third hypothesis is true. 

.-. A ABC - A A'B'a. § 365 

Q. E. D. 
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A on 




A D^ B 



Ex. 261. In the triangle ABC^ given a = 15, 6 = 10, and c.f= 20, to 
find tho segments of c determined by ihe bisector of the interior angle 
at C. 

Ex. 262. In the triangle ABC, given a = 12, 6 = 9, and 0*4, to 
find the internal and external segments of c determined by the interior 
and the exterior bisectors of the angle at (7. 





Ex. 263. The common exterior tangents to two circles in tie'rsect on the 
center-line of the circles. 

*. 

If 

Ex. 264. The common interior tangents to two circles intersect on 
the center-sect of the circles. 

Ex. 265. The common exterior tangents of two circles are equal. 

Ex. 266 The common interior tangents of two cir<jl6S are equal. . 




Ex. 267. The centers of two circles, the point of intersection of their 
common interior tangents, and the point of intersection Of |;heir common 
exterior tangents are harmonic points. v. , 



(^Draw BO and BQ and apply § 258 and § 369.) 
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Proposition XXI. Theorem. 

371. If twojparallels are cut by three or more con- 
current transversals^ the corresponding segnwnts are 
proportional. 





GiTen the transversals concurrent at P and cutting the iMirallels 
AD and A'D' in A, B, C, D, and A', B', C\ D'. 

^ AB BC CD 

Proof. Since AD II A*D', 

A APB ^ A A'PB', A BPC -- A B'PC, etc. § 370 

In similar As APB and A^PB', 

AB PB 



A'B' " PB' 
Also in similar As PBC and PB'C^, 

BC PB 



(1) §363 









B'C 


PB' 




Comparing 


(1) 


and 


(2), 
AB 
A'B' 


BC 
B'C' 




In like manner 


it is proved 


I 










BC 


CD 




• 






B'C 


CD' 








• 
• • 


AB 


BC 


CD 



(2) § 363 



A'B' JS'C C'V 



Q. B. D. 
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Proposition XXII* Theorem. 

372. If three or more non-parallel straight lines inter^ 

cept proportional segments on two parallels, they are 

concurrent. 

p 




Given AB, CD, and £F, non-parallel lines cutting the Is A£ 

and BF, making — = —. 
' "^ BD DF 

To prove AB, CD, and EF are coiicurrent. 

Proof. Produce AB and CD to meet at P, and suppose PE 
to cut 52^ at i^. 

AC CE 



Then 



But 



BD 


DI* 


AC 


CE 


BD 


DF 


CE 


CE 



§371 



Hyp. 



DF DF 
Hence F' coincides with F, and EF* with EF^ § 10 (6) 



or PE passes through F. 
.*. AB, CD, and EF are concurrent. 



0. S. D. 



Ex. 268. In triangle ABC, EF is drawn parallel to AB. If AC = 10, 
BC= 18, AB = Ig, and EC = 3, find ^i^and BF. 

Ex. 269. The sides of a triangle are given, 12, 18, and 24 ft., re- 
spectively. In a similar triangle the shortest side is 8 ft. Find the 
other sides. 
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Proposition XXIII. Theorem. 

373. Two polygons similar to a third polygon are 

similar to each other. 

I 





A B F G K 

Ghren polygons Q and R, each similar to polygon P. 
To prove Q^ B. 

Proof. ^8 K and F each = ^ A 

Similarly each ^ oi B = corresponding ^ of Q. 
Again^ 



§363 



^« = ^^=.^,etc. 



(1) § 363 

(2) § 363 



FG GH BT 

Also ^ = ^= CD te. 

KL LM MN' 

Dividing (2) by (1), 

FG^GH^ML,,^ 
KL LM MN' 

.-. Q^B, § 363 

(having homologous Ys equal and homologous sides proportional). 

Q. £. D. 

Proposition XXIV. Theorem. 

374. The homologoits altitudes of tivo similar tri- 
angles have the same ratio as any two homologous 
sides. 



160 



BOOK m. PLANE GEOMETRY. 





Q B D HE 

Given ABC and DBF two similar As, and CG and FH two 
homologous altitudes. 

CG^AC 
FH DF* 

Proof. In rt. As ACQ and DFH, ^A = '^D. 

.\ TtAAOG ^Tt.A DFff. 

OG AC 



To prove 



363 
§367 

§363 

Q. B. D. 



*' FH DF' 

Proposition XXV. Thbobem. 

375. The perimeters of tioo similar polygons Jiave 
the sam£ ratio as any two homologous sides. 





A B F 

Given two similar polygons, ABCDB and FGHJK. 

AB-^BC-\'CD-\-DE'{-EA ^AB 
FG^GH^HJ-^-JK-^-KF FG^ 

AB BC CD DE EA 



To prove 



Proof. 



FG GH HJ JK KF 

AB'^BC^CD'^'DE-^ EA^AB 
FG^GH-^HJ-k-JK+KF FG' 



§363 



335 

Q.B.D. 
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Proposition XXVI. Theorem. 

376. Tivo similar polygons may he divided into the 
saws number of similar triangles^ similarly placed. 





Given two similar polygons, ABCDE and F6HKL. 

To prove As ABC) ACD, etc., similar, respectively , to As 
FQH, FHKy etc, 

"Proot. Since the polygons are similar, 



^B = 


^ ' FG GH 


§363 




.: A ABC ~ A FGK 


§368 




^BCD=:^GffK, 


(1) f 363 




^ACB=:^FHG. 


(2) §363 



Also 

and 

Subtracting (2) from (1), 

:^ACD = '^FHK 

In similar As ABC and FGH, 

AO^AB 
FH FG' 



363 



But :^=^. §363 

FG HK * 

'FH HK' 

.% £^ ACD ^ A FHK, etc. §368 q.bd. 



162 BOOK m. PLANE GEOMETRY. 

Proposition XXVII. Theorem. 

377. Two polygons are similar if they are composed 
of the 8am£ number of similar triangleSy similarly 
placed (converse of § 376). 





Giyen polygons ABCDE and A'B'C'D'E', in which A ABC 
'^A A'B'C, A ACD'-A A'C'D', etc. 

To prove ABCDE ^ A'B'CD'E'. 

Proof. In similar As ^jBC and ^'i?'C*, 

Also in similar As ACD and A^C^D\ 

i§ = ||» a°d^& = ^<«- §363 

••if = ^" ^""^ ^(a + 6)=^(c + d),or^C=^C. 

Similarly for the other sides and angles. 
Therefore, the polygons have the angles equal and sides pro- 
portional, taken in the same order ) hence they are similar. § 363 

Q.E.D. 



Ex. 270. In triangle ABC, given AC=\l ft., and BC = 12 ft. On 
AC \a laid ofE AE = 8 ft. and on BC is laid off BF = 10 ft, and EF is 
4tawri, Is ^F parallel to AB ? 
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Proposition XXVIII. Problem^ 

378. Upon a given line homologous to a given side of 
a given polygon^ to construct a polygon similar to the 
given polygon. 



'N 





Given the line FG, homologous to AB of the given polygon ABCD£. 
Required to construct on FO a polygon similar to ABODE. 

Construction. Draw the diagonals AC and AD, Also draw 
FN, FO, and FP, making l^s GFN, NFO, and OFF equal, re- 
spectively, to :^s BAO, OAD, and DAE. § 125 

Draw GH, making ^G='^By and meeting FN at H. 

Draw HK, making '^ FHK=^'^ AOD, and meeting FO at K. 

Draw KM, making ^ FKM= ^ ADE, and meeting FP at M, 

§ 125 
Then FGHKM is the polygon required. 

Proof. A FGH r^ A ABC, A FHK^ A ACD, etc. 

.-. FGHKM '^ ABODE. 



§366 
§377 

Q.B. p. 



379. Def. The projection of a straight line upon another 
straight line is the segment of the second line included between 
the perpendiculars drawn to it from the extremities of the 
first line. 



164 



BOOK UI. PLANE GEOMETRY. 




U A 



Fig. 1 



Fig. 2 



Fig. 3 



In Figs. 1 and 2, AB* is the projection of AB on MN. In 
Fig. 3 where one extremity of AB is on MN^ AN is the projec- 
tion of AB or MN. 



Proposition XXIX. Theorem. 

380. In a right triangle the altitude upon the hypote- 
nuse is the mean proportional between the segments of 
the hypotenuse^ and either leg is the mean proportional 
between the hypotenuse and its projection on the 
hypotenuse. 




Given the altitude CD upon the hypotenttse AB of the rt. A ABC. 

AD CD 



To prove I. 



CD BD 



11. ^=^ and 41 = ^^ 



AC AD 



BC BD 



Proof. I. In rt. A ADC, ^ A and "^ ACD are complements. 

§160 
But ^s BCD and ACD are complements. Hyp. 

.-. ^^ = ^5CZ>. §60 
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.-. AACD^ABCD. 

AD_CD 
CD BD 

11. In rt. As ADC and ACE, 

^A = '^A. 

.•. AADC^AACB. 

AB AC 



367 
363 



• • 



Similarly, 



AC AD' 
AB BC 



Iden. 
§367 

363 



Q. E. D. 



BC BD 

381. Cor. 1. The squares of the legs of a right triangle have 
the same ratio as their projections on the hypotenuse, 

Por AC^^ABxAD, 



and 



BC=ABxBD, 



380 



AC _ AD 

'^'bc^'^bd' 

382. Cob. 2. The altitude upon the hypotenuse divides a right 
triangle into two similar triangles. 




883. Cor. 3. If a peipendicular be drawn from any point in 
the circumference of a circle to a diameter, 

I. The perpendicular is a mean proportional between the seg* 
merits of the diameter. 
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II. The chord from that point to either extremity of the diame* 
* ter is the m^an proportional between the diameter and the project 
tion of the chord on the diameter. 

384. Cob. 4. In a right triangle the product of the hypotenu^ 
and the altitvde upon the hypotenuse is equal to the product of the 
two legs. 

Proposition XXX. Problem. 

385. To divide a given line into parts proportional 
to any numher of given lines. 

A H r D „ 



^^ \ \ x 


m 




n 


^"^^^--^ \ 


p 


^^^>- 
^ ^C 





Given the line AB and also the lines m^ n, and p. 

Required to divide AB Into parts proportional to m, n, and p. 

Construction. Draw AC making any convenient angle with 
AB, and on AC lay off AD, DE, and EFy equal, respectively, 
to m, n, and p. 

Draw FB, and through D and E draw DH and EO II FB. 

§ 154 

Then AB is divided as required. 

Proof. 4f=f? = ^. §342 

AD DE EF 



That is, 



AH_HG_GB 



m n p 
or AHiHG: GB:m:n;p. q.e,v. 



RATIO AND PROPORTION. SIMILAR FIGURES. 167 

Proposition XXXI. Problem. 

386. To construct the mean proportional between two 

given lines, 

H 

m -"" >- 

n 





/ 


^s 




/ 


s 


/ 




\ 


/ 

/ 
/ 




\ 

\ 


/ 




\ 
\ 


1 




\ 


1 




1 



D F E 

Given the lines m and n. 

Required to construct the mean proportional between m and n. 

Construction. On an indefinite line lay off DF = m and 
FE = n. On DE as a diameter construct a semicircle. Draw 
FH Ju DEy meeting the semicircle at H. § 113 

Then FH is the mean proportional required. 

Proof. DF: FH^FIl : FE. § 383 

Q. B. F. 

Proposition XXXII. Problem. 

387. To construct the fourth proportional to three 
given lines. 





A 


m D 




n r 1 


m 


<; 




cT 




n 




P 


y 



c 

Given the three lines m, n, and p. 

Required to construct the fourth proportional to the three lines, 
' Construction. Draw the indefinite lines, AB and AC, making 
any convenient angle with each other. 

On AB lay off AD = m and DE = n. On AC lay off AF=p 
and through E draw a parallel to DF, cutting AC B.t G. § 154 

Then FG is the fourth proportional required. 

Proof. AD:DE=AF: FG, § 342 

or miniipiFG. q.b.p 
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388. Cor. In tJie preceding construction, if AF=^DE=^nj 
then FG is the third proportional to m and n. 

389. Def. a secant from a point to a circle is understood 
to be the segment of the secant between the point and the 
second point of intersection of the secant and the circle. 



Proposition XXXIII. Theorem, 

390. If from a point without a circle a tangent and 
a secant are drawn, the tangent is the mean propor- 
tional between the whole secant and its external segment. 




Given the secant PAB and the tangent PC to the O 0. 

To prove ^=^. 

^ PC PA 

Proof. Draw AC and BC. 

In As BCP and ACPy:^P=:^Py Iden. 

and ^ ABC = ^ ACP, §§ 288, 292 

(each measured by i arc AC). 
.-. A BCP^ A ACR § 366 

P^^PC g3g3 

PC PA 

Q. B. D. 
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Proposition XXXIV. Theorem. 

391. The square of the hypotenuse of a right triangle 
is equal to the sum of the squares of the two legs. 

c 




A D 

Given the rt. A ABC, ^ C being the rt. ^. 
To prove 



Proof. 
Then 
and 

By addition^ 
or. 



AB" = AC" -\- BCr, 
Draw CD ± AB, 

ABxAD^aV, 
ABxBD = B^. 
AB(AD + BD) ^ AC" + bV 
A^ = AC'+BC' 



§114 



§380 



Q. S. D. 



Second Method. 

Given the rt. A ABC. 

With ^ as a center and the leg -, / 
BC as a radius, describe a O, cut- / ^ 
ting AB at D and AB produced \ 
at E. \ 

This O is tangent to BC at the 
point C. 

Then 



or 



Whence 



%252 
AExAD = AC', 

(ab + bc) x (ab - bc) = ac\ 

ab'--bc'=ac', 




or 



^-f;2 



AB"^AC'+BC". Q.E.D. 
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392. Cob. 1. The square of either leg of a right triangle is 
equal to the difference of the square of the hypotenuse and the 
square of the other leg, 

393. Cob. 2. The diagonal and the side of a square are in- 
commensurable (diag. : side = V2 : 1). 

Ex. 271. Given the legs of a right triangle, 60 ft and 91 ft., to find 
the hypotenuse. 

Ex. 272. Given the hypotenuse 125 ft. and leg 117 ft., to find the 
other leg of a right triangle. 

Ex. 273. If one leg of a right triangle is 25 ft. and the hypotenuse is 
3 ft. longer than the other leg, what is the length of the hypotenuse ? 

Ex. 274. Given the perimeter of a right triangle, 56 ft. If the hypote- 
nuse is 6 ft. less than the sum of the legs, what is the length of each side ? 

Ex. 275. In the right triangle ABC^ AB being the hypotenuse, if 
^C = 36 and jBC = 77, find the altitude CD. 

Ex. 276. In the right triangle ABC^ CD is drawn perpendicular to 
the hypotenuse. Given CD = 12 and AB = 25, to find AC. 

Ex. 277. Construct the locus of the points from which tangents to two 
given circles are equal. ^ 



OI^-CI^= OA^ - Cffy 

or OC'.B + r = B-r: OP- CP. 

Ex. 278. Find the point from which tangents to three given circles 
are equal. 

394. Def. a line is said to be divided in extreme and mean 
ratio when one of the segments is the mean proportional be- 
tween the whole line and the other segment. 
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Proposition XXXV. Problem. 

395. To divide a given line in extreme and mean 
ratio. 





,'' 




^N 




/ 




\ 




/ 




.A^ 




1 


C?/" 


1 




1 

v 


^'t 


1 




^v 




/ 
/ 




.-" \\ 




/ 


.'-' 


\ ^^._ i ^. 


.-" 



A F B 

Given the line AB. 

Required to divide AB in the extreme and mean ratio. 

Construction. Draw BC JL AB and = | AB. § 290 

With center (7, and radius CBy describe a O. This O is tan- 
gent to AB at 5. § 252 

Draw AC cutting the O at Z) and E. 

On AB \2ij oft AF = AD. 

Then AB is divided at F as required. 

Proof. AE'.AB=^ABxAD. §390 

Hence AE - AB : AB =: AB -- AD i AD. §333 

But AJB = DEy and AD = AF. Cons. 

.-. AE — DE:AB = AB-AF: AF, 

or AF:AB = BF:AFy 

or AB:AF=AP:5F. §331 

0. E. F. 

396. Note. AB is said to be divided internally at F in extreme and 
mean ratio. If on BA produced AF' iA laid off equal to AE, it is proved 
in like manner that AB : AF' = AF' iBF*; that is, AB is divided exter- 
nally at F' in extreme and mean ratio. 
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Proposition XXXVI. Problem. 

397. To divide a given line fiarmonicaUy in a given 
ratio. 



/ K\ 



"" -/ \ \ ^ 






^ 



GiTen the line AB and the two linea, m and n. 

Bequired to divide AB IiarmonicaUy in the ratio — . 

n 

Constniction. With A and B as centers and with radii hav- 
ing the given ratio ^, describe arcs intersecting at E. 

n 

Draw AE and BE. 

Bisect the interior and the exterior angle at E, § 129 

the bisectors meeting BA at O and BA produced at D, re- 
spectively. 

Then AB is divided at (7 and D as required. 

Proof. |g=4^ = ^. §369 

BC BD BE 

But 4^=!». Cons. 



Q.E.F. 



BC 


BD 


BE 




AE 


m 

m 




BE 


n 


"BC~ 


AD 
BD 


m 
n 



Ex. 279. Find the length of the greater segment of a line 10 ft. long, 
dlirided internally in extreme and mean ratio. 

Ex. 280. If the length of the greater segment of a line divided inter- 
nally in extreme and mean ratio is 6 ft., find the length of the line. 
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Proposition XXXVII. Theorem. 

398. In any triangle the square of a side opposite 
an a^cute angle is equal to the sum of the squares of the 
other two sides diminished by twice the product of one of 
those sides hy the projection of the other upon that side. 





Given the A ABC, ^ A being acute and CD ± AB. 

To prove BC' = A^ + AC'-2ABx AD. 
Proof. When ^ JB is acute, BD^zAB- AD. 
When ^ 5 is obtuse, BD = AD - AB. 

Squaring, in either case, BD^ = AB* + AD^ — 2 AB x AD. 

Adding CD to each side, 

BT? +CLr = A& + A& + VTf - 2 AB X AD. 

But ~B& + Cff=BC\ and Aff + ~Cff = AC". § 391 

Substituting these values. 



5C' =z IS' -{■ A& -2 AB y. AD. 



Q. E. D. 



Proposition XXXVIII. Theorem. 

399. In any triangle the square of the side opposite 
the obtuse angle is equal to the sum of the squares of 
the other two sides increased by twice the product of 
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one of those sides by the projection of the other upon 
that side (correlative of § 398). 



A B D 

Given the obtuse A ABC^ ^ B being the obtuse ^, and CD J. AB 
produced. 

To prove AC" = AJ^ + 5c' + 2ABX. BD. 

Proof. AD = AB + BD. 

.-. Aff = AB" + bB + 2ABXBD. 

Adding Clf to both sides, 

AB" +W=: A& + Bff +Clf + 2ABxBD. 

But Aff +CI^=z AC\ and 5Z? + C5' = BC\ § 391 

Substituting these values, 

AC* = Aff + BC* '^2ABx BD. q. e. d. 

Note. By the principle of continuity Propositions XX XI V. , XXXVII., 
and XXXVin. may be stated as one theorem. 



Ex. 281. Given the sides of a triangle, 12, 17, and 25 ft., to find 
the projection of each side upon each of the others. 

Ex. 282. Given the sides of a triangle, IL, 13, and 20 ft., respec- 
tively, to find the projection of each side upon each of the others. 

Ex. 283. Prove the converse of § 391. 

Ex. 284. If the sides of a triangle are 8, 15, and 17, respectively, is 
the triangle, right, acute, or obtuse ? 

Ex. 285. If the sides of a triangle are respectively, 8, 12, and 14, is 
it right, acute, or obtuse ? 

Ex. 286. If the sides of a triangle are 9, 12, and 18, is it right, acute, 
or obtuse ? 
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Proposition XXXIX. Problem. 

400. To compute the altitudes of a triangle in terms 
of its sides. ^ 




c D a 

Giyea the sides a, b, and c, of the A ABC 

Required tojind the altitudes j hu hi, A3, in terms of a, 6, and c. 
Solution. Let ^ C be acute and let altitude AD = hi. 

c'=za'+b^-2axCB. § 398 

Transposing, 2 a X CD = a^ + 52 _ c^. 



CD 



a^-^l^^c^ 



2a 



Whence 

But Iff = ACf - C^ =^{AC + CD){AC - CD)y 



§392 



or 



Let 
Then 



and 



^ (2 a5 + g' 4- y - c") (2 a6 - g^ - 6« + c^ 
^ l{a + J)f-(r[W^(a^hr^ 

a + 6 + c = 2«. 
a + 6 — c = 2(s— c), 
a + c — 6 = 2(s— 6), 
& + c — a = 2 (s — a). 
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^.^ X , ^ 2 g X 2(g~ g) X 2(8- b) X 2(8-6) 

_ 16 8(8 — a)(8 — h)(8—c) 
4 a' 



.«. Ai = - V«(« — a)(8 — 6)(s — c) . 



a 



Similarly for Aj and h^. 



Q. E. F. 



Ex. 287. Find the altitudes of the triangle whose sides are, respec- 
tively, 13, 14, and 16 ft. 

Ex. 288. Find the altitudes of a triangle whose sides are, respec- 
tively, 18, 20, and 21 ft. 

Ex. 289. Any two altitudes of a triangle are inversely proportional to 
the sides to which they are drawn. 

Ex. 290. In two similar triangles, ABC and A'B'C, the altitude of 
ABC to the side AB is 19 ft. and the homologous altitude of A'B'C is 57 
ft. If the perimeter of ABC is 185 ft., what is the perimeter of A'B'C ? 



Proposition XL. Theorem. 



401. The sum of the squares of two sides of a tri- 
angle is equal to twice the square of half the third side^ 
increased by twice the square of the median to that side. 




A M D B 

Giyen the A ABC and the median CM to the side AB. 



To prove 



AC 4- -BC = 2 AM' + 2 CM\ 
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Proof. Draw the altitude CD, § 114 



Then AC =^AM' +CM'' -\-2AMx MD. (1) §399 



and BC=BM'+CM''-2BMxMD. (2) §398 

But BM^AM. Hyp. 

Adding (1) and (2) and substituting AM for BMy 



ti . -^FTTyii 



AC + BC =^2 AJf' + 2 CM\ o.e.d 

402. Cor. 1. The difference of the squares of two sides of a 
triangle is equal to twice the produ^ct of the third side by the pro- 
jection of the median upon that side. 

Proof. Subtracting (2) from (1), 

AC^^BG^=^4:BMxMD = 2ABxMD. 

Proposition XLI. Problem. 

403. To compute the medians of a triangle in terms 
of its sides. 

A 




OiTen the aides of a A, a, b, and c^ to find the medians, ni], 
nisy and n^. 

2.»4-c« = 2mi2 + 2/'|Y=2mi«4-|\ §401 

4mi* = 2(6«-hc2)-a«. 

Whence m^ = J V2(62 + c^-a« 

Similarly for mj and m,. q. b. F. 
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Proposition XLII. Theorem. 

404. The square of a leg of an isosceles triangle is 
equal to the square of a line from the vertex of the ver- 
tical angle to the hase^ increased by the prodtact of the 
segments into which it divides the base. 




A E D B 

Given the isosceles A ABC, and the line C£ drawn to any point 
in the base. 

Toprtyve A^ = CS^ + BE x AE. 

Proof. Draw CD ± AB, 

AC'^aff + AS^, 

ce'=cd'+de'. 



§114 



Then 
and 



§391 



.\AC^'-CE' = AS^-DE' 

= (AD + DE)(AD---DE) 
=BE X AE. 
.-. AC^= C^ + BExAE. 



Q. B. D. 



Ex. 291. Find the medians of a triangle whose sides are, respectively, 
12, 14, and 16. 

Ex. 292. Given the sides, a, 5, c, of a triangle equal, respectively, 6, 
20, and 30, to find the altitude and the median drawn to the side c. 
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Proposition XLIII. Theorem. 

405. If two chords intersect within a circUy the 
product of the segments of the one is equal to the 
product of the segments of the other. 




GiTen two chorda^ AB and CD, intersecting within the circle at P. 
To prove APxBP=CPx DP. 

Proof Draw AD and BC. 

In As APD and BPO, 

^^ = ^C;and^2> = ^B. §289 

.'.AAPD^ABPC, §366 

.-. AP:CP=DP: BP § 363 

Whence APxBP=CPxDP. § 324 



Q. E. D. 



Sz. 293. The longest side of a triangle has the shortest corresponding 
altitude. 

Sz. 294. The sum of the squares of the mediaiis of a triangle is equal 
to three-fourths the sum of the squares of the sides. 

Sz. 296. The sum of the squares of the sides of a triangle is equal to 
three times the sum of the squares of the lines from the centroid to the 
vertices. 

Sz. 296. Given the leg of an isosceles triangle = 12 and the base = 15, 
to find the length of the line from the vertex to the base, making the seg- 
ments of the base equal, respectively, to 4 and 11. 
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Pboposition XLIV. Theorem. 

406. If from a point iviihout a circle two secants are 
clrawn^ the product of one secant by its external seg- 
vfient is equal to the product of the other by its external 
segment. 




Given two secants, PAB and PD£. 

To prove PBxPA = PE x PD. 

'Ptwxt, Draw the tangent PC. § 309 

Then PBxPA^ P&, 

and PExPD^ PC*. § 390 

.-. PBxPA = PE X PD. Q.E.D. 

Note. By the principle of continuity §§ 390, 405, and 406 may be 
stated as one theorem. 

Ex. 297. Given the leg of an isosceles triangle, 14 ft., and the base 
17 ft. What are the segments of the base made by a line 12 ft. long 
drawn from the vertex ? 

Ex. 298. Two chords, AB and CD, intersect within a circle at 0. 
Given AO = 8, BO = 4, and CD = 18, to find DO and CO. 

Ex. 299. Given two secants, PAB and PDE, to the same circle, in 
which FA = 1,AB = 4, PD = 6. Find DF. 

Ex. 300. If a chord 5 ft. long is produced 4 ft., what is the length of 
the tangent drawn from its outer extremity ? 
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£z. 301. The secant PB is four times its external segment, and the 
tangent from its outer extremity is 8 ft. Find the length of the secant. 




Ex. 302. The tangents to two intersecting circles drawn from any 
point in their common chord produced are equal. 




Bx. 303. The common chord of two intersecting circles, produced, 
bisects their common tangents. 




Ex. 304. If two circles are tangent to each other, their common 
internal tangent bisects their common external tangents. 

Ex. 305. Given the length of the tangent from a given point to a 
given circle =6 ft., and the length of the secant from the same point 
= 9 ft. Find the length of the external segment of the secant. 

Ex. 306. Two circles have radii 30 in. and 78 in., respectively, and 
their center-sect is 73 in. Find the length of their common exterior 
tangent. 

Ex. 307. Two circles have radii 16 and 20 ft., respectively, and their 
center-sect is 85 ft. Find the length of. their common interior tangent. 

Ex. 308. Given the sides of a triangle, 28, 65, and 89. Find the 
altitudes. 
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Proposition XLV. Theorem. 

407. The product of any tioo sides of a triangle is 
equal to the product of the altitude upon the third side 
by the diameter of a circumscribed circle. 




290 



Given CE^ the diameter of the circttmscribed circle of the A ABC, 
and CD, the altitude upon AB. 

To prove ACxBC=CEx CD. 

Proof. Draw AE. 

Then OAE is a rt ^. 

In rt As BOD and ACE, 

^B=^E, 

.-. A BCD -- A ACE. 

.'.AC:CD= CEiBC. 

Hence ACxBC=CE x CD, 



§289 
§367 
§363 
§324 

Q. £. D. 



Ex. 309. The sum of the squares of the lines from any point on a cir- 
cle to the vertices of an inscribed square is equal to twice the square of 
the diameter of the circle. 

Ex. 310. The difference of the squares of two sides of a triangle is 
equal to the difference of the squares of their projections on the third 
side. 
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Proposition XL VI. Theorem. 

408. The square of the bisector of an angle of a tri- 
angle is equal to the product of the including sides 
diminished by the product of the segments of the third 
side determined by the bisector. 




Given the A ABC, and CF, the bisector of the i^ C. 

To prove CF"" = AC x BC - AF x BF. 

Proof. Circumscribe a circle about the A ABG (§ 306), 
produce CFto meet the circle at Ey and draw AE. 
In As CFB and ACE, 

^BCF=^ACE. Hyp. 

^B=^^E. §289 

.'. A CFB ^ A ACE. §366 

,'.BC:CE=CF:AC §363 

Whence ACxBC=^CFxCE § 324 

==CF(CF-hFE) 
= OF''\'CFxFE. 

But CFxFE=:AFxBF, § 405 
.'.ACxBC^CF' + AFx BF, 

or CF^ = ACxBC-AFxBF que.d. 
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Ex. 311. The square of the bisector of an exte- ^^_E^^ 

nor angle of a triangle is equal to the product of CJ^y^ ^\ 

the external segments determined by the bisector ^y^^_\/^ — -^J 

upon one of the sides, diminished by the product ^ AS. J 

of the other two sides (correlative of § 408). \,._^^ 

To prove W ^ AF y. BF - AG X BC. 

Circumscribe a O about A ABC, produce OF to meet the 
circle at Ey and draw AE, 

Trove A CFB ~ A ACE, and proceed as in § 408. 

Proposition XLVII. Problem. 

409. To compute the bisectors of a triangle in terms 
of its sides. 




B F a c 

Given the sides a, b^ and c of a A. to find t^^ t^, tg, the bisectors, 
in terms of a, b, and c. 

Solution. <i* = bc-BFx FC. § 408 

BF:FC=c:b. §356 

.'. BF'\-FC:BF=b-hc:c, § 332 

or, a:BF=b -{- c:c. 

Whence BF= ^^ 



SimUarly CF== 



6+c 
ab 



•. t^ = bc- 



6 + c 

c^bc 



(b + cy 

= bc[l ^] 
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bc[(b + c + a)(b -|- c 



-a)] 



Similarly for ^0 and ^3. 



(b + cf 
5c[2g(2g-2a)] 

(b 4- cy 
4:bcs(8 — a) 

2 



5 + c 



■y/bcs {s — a). 



Q.E.F. 



Ex. 312. The circle through the mid-points of the sides of a triangle 
passes through the feet of the altitudes and ^ 

bisects the lines from the orthocenter to 
the vertices. (The Nine-point Circle.) 

Let K be the orthocenter and P 
the circumcenter of A ABC; L, M, N, 
the mid-points of the sides, and T, S, ^ 
Z, the mid-points of AK, CK, and BK, respectively, and Z), Ey 
F, the feet of the altitudes. 

Draw JViJf and JVr. 

ANPM^AAKC, 
and A TOK^ A NOP. 




NM=^Aa 



§370 
§178 
§ 3()3 
§178 



.-. JVP= TK, GK= GP, and GT=: GN. 
.-. TG = I APy radius circumscribed O. 

Hence with center G and radius ^ AP a O will pass through 
T, the mid-point of AK, and, similarly, through S and Z, 

Again, as GN=z GT the diameter of this O is TWand it passes 
through N, the mid-point of BC, and similarly through L and M, 

Finally, this circle on TN, the hypotenuse of rt. A TDN as 
diameter, passes through D (§ 291), and similarly, through E 
and F, 
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PsoPOsmoN XLVIII. Theoeem. 
410. A harmonic pencil divides harmonically every 
line that it cuts. 



Given the harmonic pencil from O, cutting AD and EH, so that 

AC^AD_ 

BC BD* 

m EF EH 

Topr^ — =— . 

Proot Through B and O draw KL and jtfJV V OA. §164 
Then AACO~ABOL. §370 

■ :^ = 4^. s 363 

BC BL 
AADO~ABJ>K. S370 

,,AO_AD, 353 

BK BD 

B»' 4§-^' Hyp. 

BC BD '^ 

.■.40_M, i^i 

BL BK 

.■.BL = BK. §326 

Since MN \] KL {% 140), and BL = BK (just proved), 

.■.N0 = MO. §371 
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Again 



Also 



or 



AEFO^ANFG. 




§370 


EO EF 
" NG GF 


(1) 


§363 


AEHO^AGHM. 




§370 


EH EO 
' ' GH MG' 




§363 


EH EO 
GH NG 


(2) 




fgy^ EF EH 
' '' GF~ GH' 




Q. B. D. 



Comparing (1) and (2), 



Ex. 313. If from a given point two tangents and a secant are drawn 
to a circle, the secant is divided harmonically by the point, the circle, 
and the chord of contact of the tangents. 

Given the point A, the tangents A£ and AF^ and the secant ACD 
cutting £F at B. 

A 




Toprove BC^Bd' 

Proof. A^^AGxAD. (1) §390 

A^^Aff'\'EBxBF. §404 

But EBxBF = BCx BD, § 405 

.'. AE" = AB' -{- BO X BD 
^{AC-^BCf + BCxBD 
^AC'^2ACxBC + BC'-^BCxBD 
=zAC^ + ACxBC+{AO+BC)BC-{'BCxBD 
^AC'+AC X BC-^AB X BC + BC x BD 
= AC'-\-ACxBC + ADxBC, (2) 
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But 



AD = AC -{- BC + BD. 

.'. ACxAD = AC{AC -I- 5(7 + BD) 

=:AC'-{'ACxBC + ACxBD, (3) 

Substituting in (1) the values found in (2) and (3), 

AC'^ACxBC + ADxBO = AC' + ACxBC-{-ACxBn. 

Whence ADxBC=ACx BD, 

AC^AD 
BC BD 



or 




Ex. 314. If from a point A^ without a circle, two secants, ACD and 
AGK, are drawn, the chords CK and DG intersect on the chord of con- 
tact of the tangents from the point A to the circle. 

Proof. Let the chord of contact jEJi*^ intersect 
CD at B, CK at 0, and GK at H. Draw OA, 
ODy and OG. 

By Ex. 313, A, C, B, D are harmonic points, 
and also Aj G, H, K are harmonic points. 
Therefore, 0—ACBD and 0—AGHK are harmonic pencils. 
Therefore, since CO and O^form a straight line, DO and OG 
form a straight line. Therefore, the chords CK and DG in- 
tersect on EF, 

Ex. 315. If from a given point without a given 
circle any number of secants are drawn, the chords 
joining the points of intersection of the secants with 
the circle all cross on the same straight line. 

Ex. 316. To draw a tangent from a given external 
point to a given circle by means of a ruler only. 

(Draw any three secants to locate the chord of contact.) 

Ex. 317. Given the line a, to construct a VB. (Construct mean pro 
portional between 2 a and 3 a.) 

Ex. 318. Construct the expression x = Vab. 

ah 
Ex. 319, Construct x——- 






D 



f 

I 


1 


A 2a J 


S za C 
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nbc 



Ex. 320. Construct x = 



de 



Ex. 321. Having given line a, construct a >/|. 

Ex. 322. Find the altitude of an equilateral triangle whose side is 
10 It. 

Ex. 323. If tlie diagonals of a quadrilateral are perpendicular to each 
other, the sum of the squares of two opposite sides is equal .to the sum of 
the squares of the other two sides. 

Ex. 324. Find the leg of an isosceles right triangle whose hypotenuse 
is 16 ft. 

Ex. 325. If from a point A, without a circle, secants nre drawn meet- 
ing the circle in B and C, and in D and E, respectively, the triangle 
ABE is similar to the triangle ACD, and the triangle ABD is similar to 
the triangle ACE, 

A 




Ex. 326. Given the sides of a triangle, a, h, and c, to find the sides of 
a similar triangle, if the side homologous to a is equal to d. 

Ex. 327. If AD and 5^ are altitudes of the triangle ABCy the 
triangles DEC and ABC are similar. 





Ex. 328. If three circles intersect one another, the common chords 
are concurrent. 

Let chords AB and CD meet at and suppose EO produced meets 
the same two circles at G and H, respectively. Then apply § 405 to show 
that OG=OH, and, therefore, G and 2f coincide. 
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Sz. 329. The sum of the squares of the four sides of a qnadrilateral 
is equal to the sum of the squares of the diagonals plus four times the 
square of the line joining the mid-points of the diagonals. 




Ex. 330. The sum of the squares of the sides of a parallelogram is 
equal to the sum of the squares of the diagonals. 

(Special case of Ex. 329.) 

Ex. 331. The sum of the squares of the diagonals of a quadrilateral 
is equal to twice the sum of the squares of the lines that join the mid- 
points of the opposite sides. 

Ex. 332. Find the greater segment of a line 12 ft long, divided 
iatemally in extreme and mean ratio. 




Ex. 333. Inscribe in a given circle a triangle similar to a given 
triangle. 

Ex. 334. Circumscribe about a given circle a triangle similar to a given 
triangle. 

Ex. 335. Draw from the vertex of the obtuse angle of a given obtuse 
triangle, to the opposite side, a line that shall be a mean proportional 
between the segments of that side. 

Ex. 336. Find a point P in the arc AB such that the chord PA shall 
have a given ratio to the chord PB, 
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A JRH 8 



O 



F 



E 



Bx. 337. To inscribe in a given triangle a rectangle similar to a given 
rectangle. 

Let ABC be the given A and DEFG the given rectangle. Construct 
CHLM -^ DEFG, 

Ex. 338. Inscribe a square in a given triangle. 

Ex. 339. Inscribe in a given semicircle a rectangle similar to a given 
rectangle. 

Ex. 340. Inscribe a square in a given semicircle. 

Ex. 341. If a line be drawn through the centroid of a triangle, and 
parallels be drawn from the vertices to this line, the one from one vertex 
is equal to the sum of the other two. 




ADAO<^ANOL. A0 = 2 0K NL-\(^CF-\- BE). 

Ex. 342. The sum of the squares of the lines from any point within a 
rectangle to two opposite vertices is equal to the sum of the squares of 
the lines to the other opposite vertices. 

Ex. 343. The perpendicular from the circumcenter to a side of a tri- 
angle is half the line from the opposite vertex to the orthocenter. 

Ex. 344. The sum of the squares of the diagonals of a trapezoid is 
equal to the sum of the squares of the legs plus twice the product of the 
bases. 
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Ex. 345. The orthocenter, the centroid, and the circumcenter of a tri- 
angle are coUinear, and the distance between the former two points is 
twice the distance between the latter two. 

C 




§370 

§178 
863 



A F M B 

Let JSTbe the orthocenter and P the circumcenter. 

MK=iAa 

.-. FN=iAK, 

A OPN<^ A AOK (370), and PN=iAK. 

.-. KO=i AOj and P0 = 10K; hence AO = i AK, and therefore 
is the centroid of ABC. § 205 

Ex. 346. Consti-uct a triangle, having given one side, the radius of 
the circumscribed circle, and the radius of the inscribed circle. 

With any point as center, and radius iJ, describe a circle. With 
any point A^ on the circle as center and with radius = a, describe arc 
cutting the circle at B, 

Draw any two chords, AE and BE^ and on AB construct segment to 



a 



E..,g 




contain J ^ ^+ rt. ^ (310). Draw AF 1. AB and = r (114). Through 
F draw I! AB (154), cutting the arc at Q. With center Q, and radius r, 
describe a circle. Draw AC tangent to O Q. Draw BC. ABC is the 
A required. 

For OA is radius of circumscribed O by construction ; AB is the side 
by construction, and O Q is the inscribed circle by construction, and since 
^ C —^E (§ 289), and, by Ex. 230, the angle formed by the bisectors 
of ]^s A and 5 = J (^ C + rt. ]^), UC is tangent to O § ; therefore O Q 
is inscribed in A ABC, 
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DEFINITIONS. 

411. The ttnit of surface is a square whose side is the unit 
of leugth. 

412. The area of a surface is the number of units of surface 
it contains. 

413. Two plane figures are equivalent if their areas are equal. 

Note. The words " triangle," '* rectangle,'* etc., are often used for 
** area of triangle," " area of rectangle," etc. 

414. The side upon which a parallelogram is supposed to 
stand and the opposite side are called its bases. 

415. The altitude of a parallelogram is the perpendicular 
distance between its bases. 



Proposition I. Theorem. 

416. Rectangles having equal bases are to each other 

as their altitudes. 

D c 



K 





H 


C 
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GiTen two rectangles ABCD and EFGH, with equal bases, AB 
and £F. 

To prove ABCD : EFOH^ AD : EH. 

Case I. When AD and EH are commensurable. 

I^:oof. Let AK be a common measure of AD and ^H which 
is contained m times in AD and n times in EH. 



Then 



AD m 



(1) 



EH n 

Draw ±s to AD and EH at the several points of division. 

§11;^ 

Then the rectangle ABCD is divided into m rectangles and 

EFGH into n rectangles, all of which are equaL § 177 

ABCD m 



"EFGH n' 

Comparing (1) and (2), 

ABCD^AD 
EFGH EH' 

Case II. When AD and EH are incommensurable. 



(2) 



H 



O 



M 



E F 

Divide AD into any number of equal parts and apply one of 
these parts as a unit of measure to EH. 

Since AD and EH are incommensurable, a certain number 
of these parts will extend from E to Ly leaving a remainder 
HL less than one of the equal parts. 
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Draw LMl. EH{% 113), meeting FO at M\ then, because AD 

and EL are commensurable, ^F^ = ^ . Case I. 

' ABCD AD 

But if the number of parts into which AD is divided be 

indefinitely increased, the remainder LH will approach zero 

as a limit. 

Then the variable ^^^ will approach the limit ^E^ 

ABCD ^^ ABCD ' 

"ET WTT 

and the variable — — will approach the limit =— . § 278 

AD ^^ AD 

But these variables are constantly equal, therefore their 

limits are equal. § 275 

EFGH EH 



ABCD AD 



Q. E. D. 



417. Cor. Becafuse any side of a rectangle may he taken cw 
the base, two rectangles having equal altitudes are to each other as 
their hawses. 



Ex. 347. Find the bisectors of the triangle whose sides are, respec- 
tively, 18, 20, and 22 ft. 

Ex. 348. Given the sides of a triangle ABC, a = 16, & = 18, c = 20. 
Find the bisector drawn to side a, the median drawn to side 6, and the 
altitude drawn to side c. 

Ex. 349. The sum of the squares of the segments of two perpendicu- 
lar chords is equal to the square of the diameter of the circle. 

Ex. 350. The radius of the nine-point circle of a triangle is half the 
radius of the circumscribed circle. 

Ex. 361. The center of the nine-point circle of a triangle is collinear 
with the orthocenter and the circumcenter and midway between them. 
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Proposition II. Theorem. 



418. Two rectangles are to each other as the products 
of their bases and aititudes. 






Given two rectang^les whose areas are P and Q with altitudes a 
and a' and bases b and b', respectively. 

m P ah 

To prove — = -— • 

^ Q aV 

Proof. Let i2 be a rectangle with altitude a and base h\ 



Then 



(1) §416 



and 



Multiplying (1) by (2), 



Q a'' 

P^ab 
Q a'b'' 



(2) §417 



Q.E.D. 



Ex. 352. The legs of a right triangle are 36 ft. and 77 ft. Find the 
legs of a similar right triangle whose hypotenuse is 170 ft. 

Ex. 353. Describe a circle that shall pass through two given points 
and touch a given straight line. 

Ex. 354. Two exterior tangent circles are tangent internally to a 
third circle. Prove that the perimeter of the triangle whose sides are 
their center-sects is equal to the diameter of the third circle. 
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Proposition III. Theorem. 



419. The area of a rectangle is equal to the product 
of its hose and altitude. 





Given the rectangle R with base b and altitude a. 

To prove R = ab, 

Proof. Let the square U, each side of which is a unit of 
length, be taken as the unit of surface. 

R axb 



Then 
Whence 



or 
i.e. 



U 1x1 

R=zahx TJy 

R^ ab units of surface ; 

R = ah. 



§418 



Q. E. D. 



Ex. 355. Find the area of a rectangle whose diagonal is 29 ft. and 
perimeter 82 ft. 

Ex. 356. The area of a rectangle is 168 sq. ft. and its diagonal 25 ft. 
Find the perimeter. 

Ex. 357. Given the ratio of two consecutive sides of a rectangle, 5 : 11, 
and its area 495 sq. yd., to find the perimeter. 

Ex. 358. The base of a rectangle is one foot greater than its altitude, 
and its diagonal is 29 ft. Find its area. 

Ex. 359. A rectangular mirror 8 ft. by 2 ft. is surrounded by a frame 
4 in. wide. What is the ratio of the area of the mirror to that of the 
frame? 
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Proposition IV. Theorem. 



420. The area of a parallelogram is equal to the 
product of its base and altitude. 




Given the O ABCD whose altitude is B£. 

Topt'ove O ABCD =^ AB x BE. 

Proof. Draw AF II BE to meet CD produced at F. § 154 
In rt As AFD and BEC, 

AD=:BC2LndAF= BE. § 167 

.-. A AFD^ABEC. § 122 

From the trapezoid ABCF take A BECt and the rectangle 
ABEF remains. 
From ABCF take A AFD, and the O ABCD remains. 

.-. O ABCD = rectangle ABEF^ AB x BE. § 419 

Q. E. D. 

421. Cob. 1. Parallelograms having eqvxd bases and equal 
altitudes are equivalent. 

422. Cor. 2. Parallelograms having equal bases are to each 
other a>s their altitudes. 

423. Cor. 3. Parallelograms having equal altitudes are to 
each other as their bases. 

424. Cor. 4. Parallelograms are to each other cw the prod- 
ucts of their bases a^id altitudes. 
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Proposition V. Theorem. 

425. The area of a triangle is equal to half the prod- 
uct of its base and altitude. 



\ 


Vrv 


\ 


X 1 ^w 


s 




\ 


X i ^v. 


\ 


^r 1 ^^ 


\ 


X 1 ^w 


\ y 


} ^v 


% X 




\ X 




\ X 




N X 


1 ^^ 


X 


1 ^^ 


\ ^ 




y 


! X 



Given the A ABC and its altitude C£. 
To prove A ^BC= iABxCE. 

Proof. Construct the O ABCD. § 305 

Area O ABCD = ABx CE. § 420 

But A ABC = J O ABCD. § 166 

.-. A ABC ^\ABx CE. Q. E. d. 

426. Cor. 1. A triangle is half a paraUdogram of equal hose 
and altitude. ^ 

427. Cor. 2. Two triangles of equal bases are to each other 
a^ their altitudes. 

428. Cor. 3. Triangles of equal altitudes are to each other as 
their bases. 

m 

429. Cor. 4. Two triangles are to each other as the pwducts 
of their ba^es and altitudes. 

430. Cor. 5. Triangles of equal bases and altitudes are 
equivalent. 

Ex. 360. What is the side of the square whose area is equal to that 
of a rectangle 9 ft. by 16 ft. ? 

£z. 361. A rectangle is twice as long as wide and its area is 612 sq. ft. 
find the perimeter. 
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Proposition VI. Theorem. 



431. The area of a trapezoid is equal to half the 
product of the sum of its bases by its altitude. 




To prove 
Proof. 



and 



Given the trapezoid ABCD, its bases b and b', and its alti- 
tude a. 

area ABCD = ^ a(6 -f b'). 

Draw the diagonal AC. 

AABC=iaby 

A ACD = ^ ab\ § 425 

.-. area ABCD = ^a(b + b'), Q. E. d. 

432. Cor. Hie area of a trapezoid is equal to the product 
of its median and altitude, 

433. Note. The area of any polygon may be obtained by finding the 
sum of the areas of the triangles into which it may be divided by drawing 
diagonals from any one of its vertices, or by finding the sum of the areas 
of the triangles and trapezoids formed by drawing one diagonal and per- 
pendiculars to it from the remaining vertices. 



Ex. 362. The perimeter of a rectangle is 20 ft. greater than the sum 
of its diagonals, and its area is 660 sq. ft. Find the perimeter. 

Ex. 363. If two homologous sides of two similar polygons are 11 and 
12 ft., respectively, and the perimeter of the first is 66 ft., what is the 
perimeter of the second ? 
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Proposition VII. Theorem. 

434. The areas of two triangles^ having an angle in 
the one equal to an angle in the other^ are to each other 
as the prodiLcts of the sides including the equal angles. 




c B 

Given the As ABC and AD£ with ^ A common. 

Toprave AABO^ABxAC 

A ADE ABxAE 

Proof. Draw BE. 

As ABE and ADE, having the common vertex Ey and their 
bases, AB and AD in the same straight line, have the same 
altitude. 

A ABE AB 



A ADE AD 



(1) §428 



As ABC and ABE, having the common vertex B and their 
bases, AC and AE, in the same straight line, have the same 
altitude. 

Multiplying (1) by (2), 

A ABC ABxAC 



A ADE AD X AE' 



Q. E. D. 



Ex. 364. What is the area of a parallelogram whose base is 35 ft. and 
altitude 24 ft. ? 
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Ex. 366. The lines drawn from the mid-point of either diagonal of a 
qoadrilateral to the extremities of the other dlyide the quadrilateral into 
two equivalent parts. 

Ex. 366. Find the area of a trapezoid whose bases are, respectively, 
16 ft. and 12 ft, and altitude 18 ft. 

Ex. 367. Given the bases of a trapezoid, 24 ft. and 28 ft., respec- 
tively, and its altitude 14 ft., to find the altitude of an equivalent paral- 
lelogram whose base is 26 ft. 

Ex. 368. Find the area of a trapezoid, having given the longer base, 
85 ft., the legs, 29 ft. and 52 ft., and the altitude, 20 ft. 

Ex. 369. Find the area of a trapezoid whose altitude is 18 ft. and 
median 26 ft. 

Ex. 370. The line joining the mid-points of the bases of a trapezoid 
divides the trapezoid into two equivalent parts. 




Ex. 371. The areas of two triangles having an angle in the one 
supplementary to an angle in the other are to each other as the products 
of the sides including the supplementary angles. 

AABC ^BC ^^^ A ABE _ AB 
A ABE BE ABDE BD 

Ex. 372. If two triangles have an angle in the one equal to an angle 
in the other and also an angle in the one supplementary to an angle in 
the other, the sides opposite the equal angles have the same ratio as the 
sides opposite the supplementary angles. 

Ex. 373. The area of a rhombus is equal to half the product of its 
diagonals. 

Ex. 374. The sum of the perpendiculars from any point within an 
equilateral triangle to the sides is equal to the altitude. 

Ex. 375. Construct a rectangle having a given side and equivalent to 
a given square. 
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Proposition VIIL Theorem. 

435. The areas of two similar triangles are to each 
other as the squares of any two homologous sides. 

d 





^ B a! b' 

Given AB and A'B'^ homologous sides of similar As ABC and 
A'B'C. 

A ABC 



To prove 
Proof. 



AB 



AC 



But 



AA'B'Cr jT^ 

^A = ^A\ 

A ABO ^ ABxAC ^ AB 

A A'B'Cr A'B' xA'Cr A'B' A'C 

AC ^AB 

A'G' AB'' 

. A ABO _ABAB^ AJE^ 
' • A A'B'O A'B' A'B' Jjb^' 



§363 
§434 

§363 

Q. E. D. 




Ex. 376. If squares be constmcted on the sides of any triangle and 
the adjacent vertices of the squares be joined, two and two, the area of 
each triangle thus formed is equal to the area of the original triangle. 

Apply Ex. 371. 
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Proposition IX. Theorem. 



436. Hie areas of two similar polygons are to each 
other as the squares of any two homologous sides. 





Given two similar polygons, P and R, AB and A^' being 
homologous sides. 

P ^ AJS" 



To prove 



Proof. From two homologous vertices, A and -4', draw all 
possible diagonals. P and R are thus divided into the same 
number of similar triangles, similarly placed. § 376 

k2 



Then 



A ABC AW 



and 



But 



A ABC A^' 

AACD ^ Clf 
A A' CD' cfD^"^' 

aJW' 

AACD 



Similarly 



CD'" 

A ABC ^ 

AA'B'C A A' CD'' 

A ABC A ADE 



§435 



§§ 338, 363 



AA'B'C AAD'E 



-, etc. 
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. AABC-{-AACD . _ AABC ^ ,_ 

' • A A'BV + A A' CD" ~ AA'B'C ^ "^"^^ 

. P^ AABC ^ aS" 
E AA'B'C jr^f"' Q.ED. 

437. Cor. 1. I%e areas of two similar polygons are to each 
other as the squares of any two homologous lines. 

438. Cor. 2. Two homologous lines of two similar polygons 
are to each other as the square roots of their areas. 



Ex. 377. Divide a given trapezoid into two equivalent parts by a line 
parallel to the bases. 




Ex. 378. ABCD is a quadrilateral. The centroids of the triangles, 
ABC, ABD, A CD, and DBC are vertices of a quadrilateral similar to 
ABCD. 

Let O be the centroid of AABD, and Q the centroid of AACD. 
MQ:=i CM, and MO = \BM (§ 205). Therefore OQ = i BC, and II BG 
(§ 344). Li like manner each line joining two centroids is || and = \ 
a side of the quadrilateral. 

Ex. 379. Divide a given triangle into two equivalent parts by a line 
through one of its vertices. 

Ex. 380. Divide a given triangle into two equivalent parts by a line 
through a given point in one of its sides. 

Ex. 381. Divide a given trianglp into two equivalent parts by a line 
parallel to one of its sides. 
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Proposition X. Theorem. 



439. The square on the hypotenuse of a right triangle 
is equal to the sum of the squares on the two legs. 



G 



K 





i\ 


Jit 

/ 
1 1 





L H 



Given AH, AD, and CF, squares on the hypotenuse AB, and the 
legs AC and BC of the rt. A ABC. 

To prove square AH = square AD -f square CF. 

Proof. Draw CL ± KH and draw CK and BE, § 114 

Since ^s BCA, ACD, and BCG are rt. :^s, AGG and BCD 
are straight lines. 

In As BAE and CAK, AB =^ AK s.nd AE = AC, § 165 

and :^ BAE = ^ CAK (each = rt. ^ + ^ BAG). 

.'.ABAE^AGAK, §91 

Because A BAE and square AD have the same base and 

altitude, A BAE = ^ square AD. § 426 

And because A ACK and rectangle AL have the same base 

and altitude, A CAK=:^\ rectangle AL. § 426 

But A BAE ^ A CAK. just proved 

.•. square AD = rectangle AL. 

In like manner it is proved that 

square CF = rectangle BL. 
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But square AH = rectangle AL -\- rectangle BL, 

.-. square AH = square AD + square CF. q, e. d. 

Note. The foregoing demonstration is essentially that given by Euclid 
(300 B.C.). The discovery of the proposition is attributed to Pythagoras 
(550 B.C.), and it is known as the " Pythagorean Theorem." 

Proposition XI. Theorem. 
440. If similar polygons he constructed upon the 
sides of a right triangle as homologous sides, the 
polygon on the hypotenuse is equivalent to the sum of 
the polygons on the two legs. 




Given similar polygons, P, Q, and R, constructed on the sides of 
the rt. A ABC, BC being the hypotenuse. 

R 
P 



To prove 
Proof. 



and 

Adding (1) and (2), 



Q 
p 



BO 
BC' 



s' 



(1) 



(2) § 436 



But 



R^Q ^ AI^ + Aff 

P " BC' 

Al^ -^ AC' = BC". 

,\P=:R'{-q. 



§439 

Q. E. D. 
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THE PSnCIPLS OF HOMOLOGY. 

441* The relation between the concepts of geometry and 
those of algebra is called the Principle of Homology. 

Alokbrajc QuAVTiTies. Gbombtkic Qcastitibs. 

a is a number. a is a line. 

a^ is the product of two ab is the rectangle of two 

numbers. lines. 

a' is the second power of the a' is the square whose side is 

number a. the line a. 

etc. 
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Alobbraic Thborbmb. 



Gbombtric Theorems. 



The square of the sum of The square on the sum of 

two numbers is equal to the two lines is equal to the sum 

sum of their squares plus twice of the squares on the lines 

their product. plus twice their rectangle. 

The product of the sum and The rectangle of the sum 
the difference of two numbers and the difference of two lines 
is eqtial to the difference of is equal to the difference of 
their squares. their squares. 

etc. 

Many theorems, far from obvious in geometry, become easily 
so when the homologous theorems in 
algebra are considered. 




Ex. 385. The square on the hypotenuse of 
a right triangle is equal to four times the area 
of the triangle plus the square on the difference 
of the legs. Prove algehraically. 

Ex. 386. If the adjacent yertices of the 
sides of the squares on the sides of a right 
triangle are joined, two and two, the sum of the squares of the three 
lines joining them is equal to six times the square of the hypotenuse. 

Ex. 387. Divide a given triangle into two equivalent parts by a line 
perpendicular to one of its sides. 

Ex. 388. Find the area of a rhombus whose diagonals are 16 and 18. 
Ex. 389. Given the side of an equilateral triangle = a. Show that the 
altitude = - y^, 

Ex. 390. Two similar polygons have perimeters 18 and 21 ft., re- 
spectively. If the area of the first is 480 sq. ft., what is the area of the 
second? 

Ex. 391^ Divide a given triangle into two partd having a given ratio by s^ 
line through one pf the vertices. 
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Proposition XII. Problem. 

442. To compute the area of a triangle in terms of 
its sides. ^ 




Giyen the triangle whose sides are a, b, c, to find the area. 
Solution. Denote altitude to side a by hi. 

Area A ABC = ^ dh^, 

o 

hi = - V«(« — a) (a — b) (« — c). 
a 



§425 
§400 



Substituting the value of h^ 



area A ABC= Vs(« — a)(« — 6) (« — c). 
Formula : A = Vs(s — a)(s — b)(s-' c) . 



Q. E. F. 



Note. This formula for the area of the triangle is called Heroes 
formula, because Hero of Alexandria was first to develop it. Hero lived 
about 125 B.C. 

Proposition XIII. Problem. 

443. To compute the radius of the circumscribed circle 
in terms of the sides of the triangle. 
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Denote the radius of the circumscribed O by J?, the area of 
the A by A, and the sides by a, b, c. 



But 
Hence 



2 Eh == be. 
2 aRhi = abc, 
oAi = 2 A. 
abc 



B = 



4A 



§407 



§425 

Q. E. F 



Pboposition XIV. Problem. 



444. To compute the radms of the inscribed circle in 
terms of the sides of the triangle. 




Denote the radius of the inscribed circle by r, the sides by 
a, by 0, the perimeter by 2 s, and the area by A. 

Then A AOB = J cr, 

A^0C=|6r, 

and ABOC = i^ar. 

.-. A ABC = I r(a + & -f c) = ^ r X 2 s = rs. 

Whence 



§425 



^A 



Q. E. F. 
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Proposition XV. Problem. 

445. To compute the radii of the escribed circles in 
terms of the sides of the triangle. 




Denote the radii of the escribed circles of the triangle by r^ 
r^, r^ the sides by a, h, c, and the area by A, 

AAOC^ibr^, 
and ABOC=^ari. §426 

But AABC^AAOB + AAOC-ABOa^ 

.-. A=^cri + i6ri — Jari 
= in(&4-c — a) 
= ri{s — a). 
A 



Whence Ti = 



« — a 



Similarly r^ = -, and r^ = •. Q. E. F. 

s—b «— c 



Ex. 392. Given the radius of the inscribed circle, r, and the radii of 

the escribed circles, n, r^, rs, of a triangle, to prove - = — | 1 — . 

r ri Vi rt 

Ex. 393. Prove A = Vr n rj rs. 

Ex.394. Prove l + l+-i = - + - + -- 

hi hi hz Ti r2 r« 
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Pbopositiqn XVI. Problem. 

446. To constnict a polygon similar to two given 
similar polygons and equivalent to their sum. 





a 




A 

A 

c/\l> 





Given two similar polygons, P and Q, to construct a polygon R, 
similar to P and Q and equal to P + Q. 

Construction. Let a and h be two homologous sides of 
Pand Q. 

Construct a rt. A ABC, having leg BC= a and leg AC= b. 

§302 

Draw DE = AB and on DE as side homologous to a, con- 
struct polygon R similar to P. .. § 378 
Then B is the polygon required. 

Proof. Because B is similar to P by construction, it is 
similar to Q, § 373 

and B = P-\-Q. §440 

Q.E.F. 
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Proposition XVII. Problem. 

447. To construct a polygon similar to two given 
similar polygons and equivalent to their difference. 







c 



a/ 

/ 





D 



E 



Given two similar polygons, P and Q, to construct a polygon R^ 
similar to P and Q, and equal to P— Q. 

Construction. Let a, h, be two homologous sides of P and Q. 
Construct a rt. A ABC having hypotenuse BC = a and leg 

Draw DE = AB and on DE as a side homologous to a, con- 
struct polygon R similar to P. § 378 

Then R is the polygon required. 

Proof. Because R is similar to P by construction, it is 
similar to Q, § 373 

and R = P-Q. §440 

Q.E.F. 

Ex. 395. Construct a square equivalent to the sum of four given 
squares. 

Ex. 396. Find the area of the triangle whose sides are 13, 14, and 
15 ft., respectively. 
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Proposition XVIII. Problem. 

448. To construct a square equivalent to a given 
parallelogram. 





Giyen the O ABCD. 

Required to construct a square = O ABCD, 

Construction. Draw DE, the altitude of O ABCD, § 114 

Construct BF, the mean proportional between AB and DE. 

§386 
Construct the square S, whose side GH = BF. Then S is 
the square required. 



Proof. S = GH' = BF* = AB x DE 
But EJ ABCD = AB X DE. 

.'.S = ABCD. 



Cons. 
§420 

Q. B. F. 



449. Cor. A square may he constructed equivalent to a given 
triangle by taking for its side the mean proportional between the 
base and half the altitude of the triangle. 



Ex. 397. Find the area of the triangle whose sides are, respectively, 
10, 17, and 21 ft. 

Ex. 398. Find the length of the longest chord and the shortest chord 
that can he drawn through a point 8 in. from the center of a circle whose 
radius is 17 in. 
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Proposition XIX. Pboblem. 

450. To construct a triangle equivalent to a given 
polygon. 




Given the polygon ABCDE. 

Required to construct a triangle equivalent to ABCDE, 

Construction. Let jB, (7, and D be three consecutive vertices. 

Draw the diagonal BD and draw GF II BD to meet AB pro- 
duced at F. § 154 

Draw DF. 

In like manner reduce the number of sides of the polygon 
until the triangle DFG is obtained. 

Then DFO is the A required. 

Proof. The polygon AFDE has one side less than ABCDE, 
but they have equal areas, for the part ABDE is common. 

ABFD=ABCD, §430 

(for they have the same base BD and the same altitude, the perpendicu- 
lar distance between the lis CF and BD). 

In like manner it is proved that A DFG = AFDE, for the 
part ADF is common and A AlDE = A ADG, 

.-. A DFG = polygon ABCDE. 0. e. f. 

451. Cob. By applying § 4^0 and § 449, a square may be 
constructed equivalent to any given polygon. 
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£z. 399. Given the sides of a triangle, 7, 15, and 20 ft, to find the 
radius of the circumscribed circle. 

"RX. 400. Given the sides of a triangle, 12, 65, and 65 ft., to find the 
area. 

Sx. 401. Given the area of a triangle, 42 sq. ft, the radius of the 
inscribed circle 2 ft., and the radius of one escribed circle 3 ft Find 
the sides of the triangle. 

Sz. 402. Given the radii of the three escribed circles of a triangle, 2, 
8, and 24 ft., respectively. Find the area of the triangle. 

Sz. 403. Given the perimeter of a triangle, 84 ft, one altitude, Of ft., 
and the area, 168 sq. ft. Find the radius of the circumscribed circle. 

Sz. 404. Given the altitudes of a triangle, 21, 28, and 60 ft. Find 
the sides of the triangle. 




E 


^ 


jT 


-^x 




/ 




X 




/ 
/ 








/ 

1 




\ 
\ 
J 


C 


? L 


r 


i 



Sz. 405. Construct a rectangle equivalent to a given square, and hav- 
ing the sum of its base and altitude equal to a given line. 

Let AB be side of given square, a^, and CD the given line. Describe 
semicircle on CD. Draw CE ± CD and = AB. Draw EFW CD and 
FH ± CD. Rectangle DII by CH = S. 





: Sz. 406. Construct a rectangle equivalent to a given square, and hav- 
ing the difference of its base and altitude equal to a given line. 

Let AB be the side of the given square, Sj and CD the given line. 
Draw CE ± CD and AB. Draw EG through center 0. Rectangle EG 
hy EF=S. 
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Proposition XX. Problem. 



452. To construct a polygon similar to a given poly- 
gon and having a given ratio to it 










Given the polygon P^ and the lines m and n. 

Required to construct a polygon Q similar to P, such that 

P^n 
Construction. Produce AB, one side of P, to Z>, making 

^ = ^. §387 

AB n 

Construct a mean proportional, BE, between AB and BD. 

§386 

On AB^ = BE as side homologous to AB construct polygon 

Q similar to P. § 378 

Then Q is the polygon required. 
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Prool ^^^ = -^r^- Cons. 

A'B' BD 



.\A'B'^ = ABxBD. 

But 1=^. 

P AS 



S436 



. Q_ ABxBD _BD m ^-_ 

P ABxAB AB n 



Bz. 407. To divide a given trapezoid into two similar trapezoids by a 
line parallel to the bases. 

Sz. 408. The area of the mid-point parallelogram of a quadrilateral 
(Ex. 43) is half the area of the quadrilateral. 

Ex. 409. The area of a trapezoid is equal to the product of one leg by 
the line drawn perpendicular to this leg from the mid-point of the other 
leg. 

Ex. 410. The sides of a triangle are 4 ft., 13 ft., and 15 ft. What are 
the sides of a similar triangle whose area is 96 sq. ft. ? 

Bz. 411. Given the radii of the three escribed circles of a triangle, 21, 
24, and 28 ft., respectively. Find the area of the triangle. 

Sz. 412. Given the area of a triangle, 84 sq. yd., one side 13 yd., and 
the radius of the inscribed circle, 4 yd. Find the radius of the circum- 
scribed circle. 

Ez. 413. Given the altitudes of a triangle, 6, 8, and 12 ft., respec- 
tively, to find the radius of the inscribed circle. 

Ez. 414. Which of two triangles has the greater area, the one whose 
sides are, respectively, 25, 51, and 74 ft., or the one whose sides are 20, 
37, and 51 ft. ? 

Ez. 415. Construct a triangle having a given base and equivalent to 
the sum of two given triangles. 

Ez. 416. Construct a triangle having a given altitude, and equivalent 
to the difference of two given rectangles. 
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Proposition XXI. Problem. 

453. To construct a polygon similar to one of two 
given polygons and equivalent to tlie other. 




m- 




Given two polygons, P and Q. 

Required to construct a polygon R ^ P and = Q. 

Construction. Construct m, the side of a square equivale'nt 
to P, and n, the side of a square equivalent to Q. § 4»5l 

Construct A'B^, the fourth proportional to m, n, and A By 
one side of P. § 3^7 

On A'B' as side homologous to AB construct the polygon R 
similar to P. §378 

Then R is the polygon required. 

Proof. - = 4^r Cons. 

n A'B' 

.•.§ = ^. §338 

n A'B'' 

But P=m^ and Q = n\ Cons. 

P_^ 



P AB' 



2 



Q A'B 
But ?.=AE. 5 436 
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p 

Q 


P 
B' 


B = 


■-Q' 



Hence -R = Q. § 326 

Q. E. F. 

Ex. 417. Constract an equilateral triangle equivalent to a given 
square. 

Ex. 418. Construct a square equivalent to f a given square. 

Ex. 419. Construct a square equivalent to } a given triangle. 

Ex. 420. Construct a square equivalent tQ hall a given pentagon. 




Ex. 421. Given the triangle ABC, If on BC is laid off BD equal to 
} BC, and on BA is laid off BE equal to } BA, what part of the triangle 
ABC is the triangle BED ? 



K 




Ex. 422. Given the triangle OHK, On BK is taken BL equal to 
f SK, and from L a line is drawn to meet HQ at M, making the triangle 
ITLJIf equal to ^ the triangle GHK. What part of HG is the line HM^ 

Ex. 423. Find the point within a triangle from which lines to the three 
vertices divide the triangle into three equivalent parts. 

Ex. 424. Having given the polygons, P, Q, and 2?, construct a polygon 
8 equal to the sum of P and Q and similar to B» 

Ex. 425. What is the ratio of the areas of two equilateral triangles 
having the side of the first equal to the altitude of the second ? 
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MEASUREMENT OF THE CIRCLE. 

454. Def. a regular polygon is a polygon which is both 
equilateral and equiangular. 

Proposition I. Theorem. 

455. An equilateral polygon inscribed in a circle is 
regular. jy 




Given the equilateral polygon ABCDE inscribed in the circle 0. 

To prove ABCDE is a regular polygon. 

Proof. The arcs AB, BC, CD, etc. are all equal. § 234 

.-. arc BODE = arc CDEA, 
(jeach being equal to the circle less two of the equal arcs). 

.-. ^ ^ = :^ B. § 289 

Similarly, ^^ = ^ C', etc. 

.". the polygon is equiangular, and therefore regular. 

Q. E.D 
223 
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Proposition IL Theorem. 

456. An equiangular polygon circumscrihed about a 
circle is regular (correlative of § 455). 



Giyen the equiang^ular polygon ABCDE circumscribed about the 
circle 0. 

To prove ABCDE is a regular polygon. 

Proof. Draw OA, OB, 00, and OD. 

Each of these lines is the bisector of an angle of the polygon. 

§258 
In As AOB and BOO, 

OB = OB. Iden. 

^ OAB = ^ OBA = ^ 050= ^ OCB, 
(jeach being half an Y of an equiangular polygon). 

.'. A AOB ^ A BOO. §§ 159, 94 

.'.AB = BC. §85 

Similarly, BC = CD =^ DE, etc. 

.-. the polygon ABCDE is regular, being both equiangular 
and equilateral. q. e. d. 



Ex. 426. An equiangular polygon inscribed in a circle is regular if it 
has an odd number of sides. 

Ex. 427. An equilateral polygon circumscribed about a circle is 
regular if it has an odd number of sides. (Correlative of Ex. 426.) 
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Proposition III. Theorem. 



467. A circle may he circumscribed about or inscribed 
m a regular polygon. 




Giyen the regular polygon ABCDE. 

To prove 1. A circle may be circumscribed about ABCDE, 

2. A circle may be inscribed in ABCDE, 
Proof. 1.^ Let be the center of the O described through 
the three points A, JB, and C. § 246 

Draw OA, OB, OC, and OD. 

^ ABC =^ BCD, (1) §454 

and DC = OB. § 213 

,\ ^ OBC = :4. OCB. (2) §98 

Subtracting (2) from (1), 

^ OBA=::^OCD. 
Also AB = CD, § 454 

.-. A OAB ^ A OCD. § 91 

.-. OD = OA. § 85 

Hence the O through A, B, and C passes through D. In 
like manner it is proved to pass through E, etc. • 

.-. A O may be circumscribed about the polygon ABCDE. 

2. Since the sides of ABCDE are all equal chords of the cir- 
cumscribed O, they are equidistant from the center 0. § 241 

.-. with as a center and a radius equal to the perpendicular 
distance to any side of the polygon a O may be inscribed. 

Q. E D. 
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458. Def. The center of a regular polygon is the common 
center of its inscribed and circumscribed circles. 

459. Def. The radius of a regular polygon is the radius of 
its circumscribed circle. 

460. Def. The apothem of a regular polygon is the radius 
of its inscribed circle. 

461. Def. The central angle of a regular polygon is the 
angle made by two radii drawn to the extremities of the same 
side. 

462. Cor. 1. The central angles of a regular polygon are all 
equaly ea^ih being equal to a perigon divided by the number of 
sides. 

463. Cor. 2. Tfie central angle of a regular polygon is the 
supplement of an interior angle, 

464. Cor. 3. The radius of a regular polygon bisects an 
interior angle. 



Ex. 428. What is the value in degrees of the central angle of a regular 
polygon of 20 sides ? 

Ex. 429. What is the value in degrees of an interior angle of a regular 
polygon of 18 sides ? 

Ex.430. How many sides has the regular polygon in which an 
interior angle is 9 times a central angle ? 



Proposition IV. Theorem. 

465. If a circle he divided into any nuinher of equal 
arcSy 

1. The chords joining the points of division form a 
regular inscribed polygon. 



REGULAR POLYGONS. 227 

2. The tangents at the points of division form a 
regular circumscribed polygon. 




Giyen the O 0, divided into equal arcs at the points A, B, C, 
D, etc.; also the tangents FG, GH, HK, etc., at the points A,'B, 
Cy etc. 

To prove 1. ABODE is a regular polygon, 
2. FGHKL is a regular polygon. 

Proof. 1. Chords AB, BCy CD, etc., are all equal. § 233 

••. ABODE is equilateral. 
.% ABODE is a regular polygon. § 455 

2. Since arcs AB, BO, OD, etc. are all equal by hypothesis, 

^ BAF= ^ FBA = ^ GBO== ^ GOB, etc. § 292 

.*. As BAFyBGO, OHD, etc., are all congruent isosceles As. 

§94 
.'.^F=^^G = ^H=z^K, etc. § 85 

.-. FGHKL is a regular polygon. § 456 

Q. E. D. 

466. Cob. 1. Tangents to a cirde at the vertices of a regular 
inscribed polygon form a regular circumscribed polygon of the 
same number of sides as the inscribed polygon. 
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467. Cor. 2. Tangents to a circle at the mid-pointa of the 
arcs subtended by the sides of a regular inscribed polygon form 
a regular circumscribed polygon whose sides are parallel to the 
sides of the inscribed polygon, and whose vertices are on the 
prolongations of the radii of the inscribed polygon. 




468. Cor. 3. If at the mid-point of each arc subtended by a 
side of a regular inscribed polygon lines be drawn to its extremi- 
ties, a regular inscribed polygon of tivice the number of sides is 

Jormed. 

D c 
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469. Cor. 4. Tangents at the midrpoints of the arcs between 
adjacent points of contact of the sides of a regular circumscribed 
polygon form a regular circumscribed polygon of twice the number 
of sides. 

Proposition V. Theorem. 

470. Regular polygons of the same number of sides 
are similar. 






Given the reg:alar polygons ABCDEF and GHIKI^M, of the same 
number of sides. 

To prove ABCDEF -. GHIKLM. 

Proof. AB = 5(7= CD, etc., and GH= HI= IK, etc. § 454 

GH HI IK' 

.•. The polygons have their homologous sides proportional. 

Again, each angle of the two polygons = =^ st. ^s (§ 193), 

n 

and are, therefore, equal. 

.-. ABCDEF-^ GHIKLM. § 363 

0. E. D. 

471. Cor. 1. The perimeters of two regular polygons of the 
same number of sides are to each other as tJieir radii or as their 
apothems. 

472. Cor. 2. The areas of two regular polygons of the same 
number of sides are to each other as the squares of any two 
homologous lines. 
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Pboposition VL Theorem. 



473. The area of a regular polygon is half the prod- 
uct of its perimeter and apothem. 




Given the regular polygon ABODE, whose perimeter is P and 
apothem is r. 

To prove area ABODE = lPxr. 

Proof. From the center draw radii OA, OB, 00, etc. 
The As thus formed have the same altitude r. § 457 

.*. the area of each A = ^ r X by a side of the polygon. § 425 
.-. the sum of the areas of all the As = J r x by the sum of 
all the sides of the polygon, 

or area ABODE = | P x r. Q. E. D. 



Proposition VII. Problem. 



474. To inscribe a square in a given circle. 




Given the circle whose center is 0. 
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Required to inscribe a square in circle 0. 

Construction. Draw two diameters^ AG and BD ± each 

other. § 113 

Draw AB, EC, CD, and DA. 

Then ABCD is the square required. 
Proof. Each angle of the polygon ABCD is a right angle 
(§ 290) and the sides are all equal. § 233 

.•. ABCD is a square. Q. b f. 

Proposition VIII. Problem. 
476. To inscribe a regular hexagon in a given circle. 




A> — ^B 
Given the circle 0. 

Required to inscribe a regular hexagon in circle O. 
Construction. Draw any radius, as OA. 
With A as a center and radius equal to OA describe an arc 
intersecting the O at B. 

Draw AB, 
Then AB is the side of the hexagon required. 
Hence, to inscribe a regular hexagon, apply the radius to the 
O six times as a chord. 
Proof. Draw OB. 

The A AOB is equilateral by construction. 

.-. ^ AOB = I rt. :^ or ^ a perigon. § 162 

.*. the arc AB is ^ the O. 
Hence the chord AB is the side of a regular inscribed hexa- 

goJi- Q. E. p. 
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476. Cor. 1. The side of a regular inscribed Tiexagon is eqwd 
to the radius of the cirde, 

477. Cor. 2. The chords joining the alternate vertices of a 
regular inscribed hexagon form an inscribed equilateral triangle. 

Proposition IX. Problem. 

478. To inscribe a regular decagon in a given circle. 



B 

Oiyen the circle 0. 

Required to inscribe a regular decagon in Q 0. 

Constructiott. Draw any radius, as OA, and divide it inter- 
nally in extreme and mean ratio, OC being the greater seg- 
ment. § 395 

With Asls a, center and radius equal to OC describe an arc 
intersecting the circle at B. 

Draw AB, 

Then AB is the side of the decagon required. 

Hence, to inscribe a regular decagon apply the greater seg- 
ment of the radius divided internally in extreme and mean 
ratio to the circle ten times as a chord. 

Proof. Draw OB and BC. 

In As AOB and ABGy 

^A = ^Ay Iden. 

and OA:AB=iAB: AC. Cons. 

.-. A AOB ^ A ABC, § 368 

(having an ^ (r^ ^(j^ch equal and the including sides proportional) , 
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.-. ^ ABC = ^ AOB. (1) § 85 

A AOB is isosceles. § 213 

.'. A ABO is isosceles, 
and BC = AB=^ 00. 

.'. ^ 0B0= ^ AOB. (2) § S5 

Adding (1) and (2), 

^^50 = 2^u40B. 
But ^BAO=='^ABO. ' §98 

.-. :^ ABO + ^ 5^0 =: 4 ^ AOB. 
But ^^50 + :^5-40 = st. :^-^^05. §155 

.-. 4 ^ ^05= St. :^ - ^ ^05. 

Hence, 5 :^ ^105 = st. ^. 

.'. ^ u405 = ^ St. ^ = tV pcrigon. 
.'. arc AB is ^ the circle, and the chord AB is a side of a 
regular inscribed decagon. q. e. f. 

479. Cor, 1. Tlie side of a regular inscribed decagon is equal 
to the greater segment of the radius divided internally in extreme 
and mean ratio. 

480. Cor. 2. 77i€ chords joining the alternate vertices of a 
regular inscribed decagon form a regular inscribed pentagon. 



Ex. 431. In the triangle ABC, ^ B is 3 times ^ A and ^ C is 4 times 
y .4. Find the number of degrees in V A. 

Ex. 432. How many sides has a polygon, the sum of whose interior 
angles is 900""? 

Ex. 433. The diameter of a given circle is 106 ft. How far from the 
center is a chord whose length is 90 ft. ? 

Ex. 434. Two secants intercept arcs of 60*^ and 84^ on a circle. How 
mai y degrees in the anule formed by the secants ? 

Ex. 435. Two chords intersecting within a circle form an angle of 60°. 
If one of the intercepted arcs is 90°, how many degrees in the other arc ? 
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Proposition X. Problem. 

481. To inscribe a regular pentedecagon in a given 
circle. 




B 

Given the circle 0. 

Required to inscribe a regular pentedecagon in O 0. 

Construction. Construct the chord AC equal to the side of 
a regular inscribed hexagon (§ 475), and the chord AB equal 
to the side of a regular inscribed decagon (§ 478). 

Then BC is the side of the pentedecagon required. 

Hence, to inscribe a regular pentedecagon apply the chord 
BC to the circle fifteen times. 

Proof. The arc ^Ois ^ the circle, Cons. 

and the arc AB is ^ the circle. Cons. 

.'. arc BC is ^ — ^^ = ^ the circle. Hence chord BC is the 
side of a regular inscribed pentedecagon. q. g. p. 

482. Note. By bisecting the arcs whose chords are the sides of an 
inscribed square, we may construct a regular inscribed octagon (§ 468), 
and by successive bisections, we may construct regular inscribed polygons 
of 16, 32, 64, etc., sides. 

Similarly, by successive bisections of the arcs whose chords are sides 
of a regular inscribed hexagon, decagon, and pentedecagon, respectively, 
we may construct regular inscribed polygons of 12, 24, 48, etc. , of 20, 40, 
80, etc., and of 30, 60, 120, etc., sides. 

The inscription and circumscription and, therefore, the construction 
of regular polygons are seen to depend upon the division of the cir- 
cle or of the perigon. In the construction of regular polygons, elemen- 
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tary geometry is therefore limited to the constraction of regular polygons 
of 3 X 2^ 4 X 2», 6 X 2**, and 15 x 2" sides, or, as it may be expressed, 



31 
4 
6 
16 



x2» 



sides, n being positive and integral. 

The German mathematician, Gauss (1777-1866), has proved it possible 
to inscribe with the ruler and compass, the only instruments of elemen- 
tary geometry, a regular polygon of 17 sides, and further, that a circle or 
a perigon may be divided into 2* + 1 equal parts, when n is a positive 
integer, and 2** + 1 is a prime number ; but the method of Gauss is too 
complicated for the present work. 

483. Note. By § 103 it is found that the interior angle of a regular 
polygon of 3 sides is 60° ; of 4 sides, 90° ; of 5 sides, 108° ; and of 16 
sides, 166°. The central angles of these polygons are also found to be, 
respectively, 120°, 90°, 72°, and 24°. 

It is seen that each of these angles is a multiple of 3° ; therefore the 
sum of any number of these angles, or the difference between any two of 
them, is a multiple of 3°. 

Now, since any angle may be bisected by the use of the ruler and com- 
pass (§ 129), it is seen (disregarding the problem of Gauss) that any angle 
capable of construction with the ruler and compass that is exactly expres- 

sible in degrees, may be expressed by — ^°, m and n being any positive 
integral numbers. ^n 



Denoting the radius of the circle by R. 

Ex. 436. The side of an inscribed regular decagon is ^ (^ . i\ 

Ex. 437. The side of an inscribed regular hexagon is B. 

Ex. 438. If the side of an equilateral triangle is a, the area is . 

4 

Ex. 439. The sides of a triangle are 10, 16, and 20. Find the segments 
of the longest side made by the bisector of the opposite angle. 

Ex. 440. Two triangles, ABC and A*B'C\ are similar. The area of 
ABC is 64 sq. ft. and A'B'C 266 sq. ft. If an altitude of triangle ABC 
is 8 ft., what is the len^h of the homologous altitude of triangle A'B'C? 
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Ex. 441. The square on the side of a regular inscribed pentagon is 
equal to the square on the side of a regular inscribed hexagon plus the 
square on the side of a regular inscribed decagon. 




c 
Let AB be the side of the inscribed regular pentagon and 
BC the side of the inscribed regular decagon. Lay off 
OE = BC. Then A BEO is isosceles (§ 479). Also A BEC is 
isosceles. 

Since BD is ± EC, ED = CD. § 118 

0(7- OE 



Then CD = 



*f 



Denoting the side of the pentagon by P, side of the hexagon 
by jET, and side of the decagon by D, 



or 



BD = BC - CD^y § 392 



That is, \P^:=D^ 



2 
H^^2DH-^D' 



or P^ = 8D+2DH-H\ 

But H:D = D:H-D, §§476,479 

Whence D' = H^ - DH, 

or DH=W'- DK 

.-. P2 = 3 1> + 2 Jff2 - 2 2)2 _ H2^ 

or P2 = H' + D'- 



Denoting the radius of the circle by iJ, 

Ex. 442. The side of an inscribed equilateral triangle is By/S. 

Ex. 443. The side of an inscribed square is 7?v^. 

Ex. 444. The side of an inscribed regular pentagon is v lo «. 2 y/b. 
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Proposition XI. Theorem. 



484. The circle is greater than the perimeter of an 
inscribed polygon . 




Given the circle and the inscribed polygon ABODE. 
To prove the (D > perimeter of ABODE. 

Proof. Arc AMB > chord AB, § 10 (a) 

Similarly, each arc is greater than the subtending chord. 

.'. The sum of all the arcs > the sum of all the chords, 
or the O > perimeter of ABODE. 

Q.E.D. 



Ex. 445. If the ratio of two homologous sides of two similar polygons 
IS 1 : 8, what is the ratio of their areas ? 

Ex. 446. Find the hypotenuse of a right triangle whose legs are, re- 
spectively, 84 yd. and 187 yd. 

Ex. 447. Find the side of a square whose diagonal is 10 yd. 

Ex. 448. Find the side of a square whose area is 3969 sq. ft. 

Ex. 449. In the triangle ABC, AB = 62 ft., ^C = 15 ft., and BC = 
41 ft. Find the projections of ^C and BC on AB, 

Ex. 450. The external segment of a secant 16 ft. long is 9 ft. Find 
the length of the tangent from the same point to the same circle. 

Ex. 451. Two chords, AB and CD, intersect within the circle at Q. 
Given AQ = 18, BQ = 8, and CQ = 9, to find DQ. 
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Proposition XII. Theorem. 

485. The circle is less than the perimeter of a circum- 
scribed polygon or any enveloping line. 




A 

Given the O PQR, and ABCDE, an enveloping line. 
Topi'ove O PQR < perimeter of ABODE. 
Proof. At Q draw a tangent to the circle cutting AB at K 
and BC at L. § 309 

KL<KB-\-BL, §10 (a) 

.-. the enveloping line AKLCDE < the line ABODE. 
Hence every line enveloping the © may be shortened. 
.'. the O remains as the shortest line, q. b. d. 



Ex. 452. Find the area of a rectangle of which two consecutive sides 
are, respectively, 8 ft. and 12 ft. in length. 

Ex. 463. Find the area of a paiullelogram whose base is 20 and alti- 
tude 13. 

Ex. 454. Find the area of a square whose diagonal is 12 mi. long. 

Ex. 455. Find the area of a rhombus whose diagonals are 16 yd. and 
22 yd. 

Ex. 456. Find the area of a trapezoid whose bases are 16 ft. and 8 ft., 
and whose altitude is 12 ft. 

Ex. 457. Find the area of a trapezoid whose median is 12 m. an() 
altitude 10 m» 
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Proposition XIIL Theorem. 

486. If the number of sides of an inscribed polygon 
be indefinitely increased^ the apothem of the polygon 
will approach the radiics of the circle as a limit. 



Given AB, a side, and r, the apothem of a regular polygon in- 
scribed in a O whose radius is R. 

To prove that r approaches M as a limit when the number of 
sides of the polygon is indefinitely increased. 

Proof. R--r<Aa §86 

AB = 2Aa §238 

.'. R — r <iAB. 

But since AB becomes indefinitely small when the number 
of sides is indefinitely increased, B — r approaches zero as a 
limit. 

That is, r approaches ^ as a limit. § 274 

Q. E. D. 

487. Cor. The square of the apothem of a regular inscribed 
polygon approaches the square of the radius as a limit as the 
number of sides of the polygon is indefinitely increased. 



Ex. 468. Find the area of a triangle whose base is 18 m. and altitude 
14 m. 

Ex. 459. Find the area of a triangle whose sides are, respectively, 61, 
91, and 100 ft. 
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Pboposition XIV. Theorem. 

488. The circle is the limit of the perimeters of regur 
lar inscribed and circumscribed polygons and the area 
of the circle is the limit of the areas of these polygons 
when the number of their sides is indefinitely increased. 




Given P and P', the perimeters, R and R\ the apothems, S and 
S', the areas of the inscribed and circumscribed polygons, respec- 
tively, and C the O and K the area of the O. 

To prove 1. C is the cominon limit of P and P. 

2. K is the common limit of S and S'. 

Proof. 1. P : P= R' : R. § 471 

By division, P - P: P= R' ~R : R. § 333 

Whence P^-P= ^^^'^ ^^ . 

Now P<a § 484 

But when the number of sides of the polygon is indefinitely 
increased, R' — R approaches zero as a limit. 

Since C and R' are both constants, the limit of -^ — ^ — - 
(§ 276) is zero. ^ 

But P>C and P< C. §§ 485, 484 
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Therefore, the limit of P' — P is zero. 

Hence P' and P can be made to differ from each other by 
less than any assigned constant and each to differ from C, an 
intermediate quantity, by less than any assigned quantity, but 
not zero. 

Therefore C is the common limit of P and P'. 

2. Since the polygons are similar by hypothesis, 





S':S=^R^:ie. 


§437 


By division, S* 


-Sis^R^-ipiie. 


§333 


Whence 


IP 




Now 


S<K. 


Ax. 7 


Therefore, 


s^ s^Ki^^. 




But the limit of 


R" — ^ is zero. 


§487 


Therefore the limit of K{R* — Br) \^ zero. 


§276 



Hence the limit oi S' — S is zero. 

But S'> KsindK<:S. 

Therefore, since the difference between S' and S can be 
made less than any assigned quantity, the difference between 
-fir and either S' or S can be made less than any assigned quan- 
tity, but not zero. 

.\ Kis the common limit of S and S\ q. e. d. 



Ex. 460. Find the area of the quadrilateral ABCD, if AB = 166 yd., 
BC = 85 yd., CD = 22 yd., AD = 80 yd., and diagonal BD = 91 yd. 

Ex. 461. In the triangle ABC, AB is 840 yd. and CD is drawn to 
meet AB at D so as to make the triangle BCD equal to one third the tri- 
angle ACD. Find the length of BD, 
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Pboposition XV. Theorem. 
489. Two circles are to each other as their radii. 





Given C and C, the Os, and R and R', the radii, respectively, of 
theOs. 

To prove O^R' 

Proof. Let regular polygons of the same number of sides be 
inscribed in the circles and let P and P', respectively, denote 
their perimeters. 

Then, p = ^- §^^^ 

Whence PxR'^P'xR. § 324 

As the number of sides of the two polygons is indefinitely 
increased, the polygons continuing similar, P approaches C as 
its limit and P approaches C as its limit. § 488 

Therefore P x R approaches C x i^' as a limit, 

and P^ xR approaches C X i? as a limit. § 277 

.\CxR=0 xR. §275 

C R 
Whence C'^R' ^^^^ 

Q. E. D. 

490. Cor. 1. Two circles are to each other as their diameters, 

491. Cor. 2. The constant ratio of the circle to the diameter 
beincf denoted by tt, C=2 7rR, 
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Proposition XVI. Theorem. 

492. The area of a circle is half the product of the 
circle and its radius. 




Given a O C, radius R, and area S. 
Toj[^ove S=^CR. 

Proof. Suppose a regular polygon to be circumscribed about 
the circle. § 457 

Denote its perimeter by P and its area by K, 

Then K=:^PxE. §473 

Let the number of sides of the polygon be indefinitely in- 
creased. 

Then K approaches /S' as a limit, 

And since P approaches (7 as a limit, § 488 

^P X R approaches ^ C X JK as a limit. § 277 

.'.S = ^CxR. §275 

Q. E. D. 

493. Cor. 1. Since area of a circle =\CxR (% 492), and 
C= 2 7ri2 (§ 491), tfie area of a circle =^Rx2irR = ttI?. 

494. Cor. 2. The areas of two circles are to each other as the 
squares of their radii. 

For if S and /S" denote the areas, and R and JK' the radii, 

495. Cor. 3. The areas of two circles are to each other as 
ike squares of their diameters. 
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496. Coa. 4. The area of a sector is equal to half tJie prodvxii 
of its arc and radius. 

For a sector and its arc are like parts of a circle and its area. 
Therefore, denoting the arc by c and the area by s, 



Whence 



5^ — ^ 
C ^ 



§492 



• • S — -jr Cxi. 

497. Dep. In circles of different radii, similar arcs, similar 
sectors, and similar segments are those corresponding to equal 
central angles. 

498. Cor. 5. Tlie area of similar sectors are to each other as 
the squares of their radii. 





M' M 

499. Cor. 6. The areas of similar segments are to each other 
as the squares of their radii or as the squares of their chords. 

For let S and /S' denote the areas of the similar As AOB 
and AO^B\ and K and K^ the areas of the similar segments 
AMB and A'M^B\ 



Then 
But 



S+ K:S' -\-ir ^F?: W\ 



S'.S'^R-: i?'- = AB : A'B'\ 
By division, K:S = K':S'. 



§ 498 
§435 

§333 



By alternation, K: K' = S:S' =^ E^: E'' = AK : A'B'\ 



§ 330 

Q.E.IX 
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Proposition XVII. Problem. 

500. To inscribe in a given circle a regular polygon 
similar to a given regular polygon. 





Given the regular polygon ABCDE and the O 0'. 

, Required to inscribe in circle 0' a polygon similar to ABCDE, 

Construction. From 0, the center of the given polygon, draw 
OA and OB. 

From 0' draw OA* and OB', making ^ 0' = '^ 0. § 125 

Draw A'B'. 

Then A'B' is a side of the regular polygon required. 

Therefore by applying A'B' as a chord, the required polygon 
A'B'C'D'E' is inscribed. 

Proof. Each polygon has as many sides as the number of 
I times 'jf Of or its equal, ^ 0', is contained in a perigon. 

, .-. A'B'CD'E' ^ ABCDE. § 470 

O.E.F. 

Ex. 462. Circumscribe a square about a given circle. 

Ex. 463. Circumscribe a regular hexagon about a given circle. 

Ex. 464. Draw through a given point a line that shall divide a given 
circle into two parts having the ratio 3 to 5. 

Ex. 465, Construct an angle of 18°. 

Ex. 466. Construct an angle of 24°. 

Ex. 467. Construct an apgle of 42°. 
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Proposition XVIII. Problem. 

501. Qiven the radius of a circle and the side of a 
regular inscribed polygon, to find the side of a regu- 
lar inscribed polygon of double the number of sides. 




c 

Given the radius DA = R/and AB, the side of a regular inscribed 
polygon of n sides. 

Required to find AC^ the aide of a regular inscribed polygon of 
2 n aides. 

Solution. Draw OA, 

Draw 0(7, meeting AB at D, 

Then 00 is the ± bisector of AB. § 240 

Denote AB, the side of the inscribed polygon, by a. 

In rt. A ADO, Off=OA? -- !& = R^-f^\ § 392 



f 



>^ 



Whence Oi> = ^'/?^~- = |V4i?'-««. 



W 77~J2 . 7=w=>f2 



In acute A AOC, AO"" = OA^ +0C'-'2 0Ck OD, § 398 



OP A(f^2ie-2RxOD 



:=2R'--RV^R'-a'. 

.-. AO = Vi2(2i?-V4i22-s^). Q. K. p. 

502. Cor. If R = 1, and the aides of regular inacribed poly- 
gona of n aidea and 2 n aidea be denoted by S^ and S^^ reapec- 
tively, then 

^2»=V^-V43^. 
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Proposition XIX. Pboblem. 

508. To find the numerical value ' of tt, the ratio of 
the circle to the diameter. 

Let S^ denote the length of a side of a regular inscribed 
polygon of 6 sides, S^ of 12 sides, etc. 

If i? = l, >S = 1. §476 

Then by § 502 we have : 



^12 = V2-V43(i^ 

8^ = V2 - V4 - (0.51763809)* 

^48 = V2 - V4 - (0.26105238)^ 
Sw =A|2 - V4 - (0.13080626)« 

^192 = V2 - V4^ (0.06543817)^ 

^884 = V2 - V4 - (0.03272346)"* 

^768 = V2 - V4^ (0.01636228)^ 



Length of 
Side. 

0.51763809 
0.26105238 

0.13080626 
0.06543817 

0.03272346 

0.01636228 

0.00818121 



Lbnqth of 
Perimeter. 

6.21165798 
6.26525722 

6.27870041 
6.28206396 

6.28290510 

6.28311544 

6.28316941 



Taking the last perimeter as the approximate value of the 



circle, 7r = 7^ = 3.14159. 



Q.B.F. 



504. Note. The approximation 8.1416 is the one most commonly 
used, and when great accuracy is not required, the value t = 3f is used. 

505. Table. The following table of approximate values 
will be found useful in expediting computations concerning 
the circle : 



TT = 3.14159. 

^ = 0.78540. 
4 

i = 0.31831. 

TT 

71^ = 9.86960. 



4 =0.10132. 



TT 



V^ = 1.77245. 
— = 0.56419. 

Vtt 

^/^ = 1.46459. 
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506. Historical Nots. For many centuries the quadrature of the 
circle engaged the attention of mathematicians. In plainer language, the 
problem is : Having given a circle, to construct a square of equal area. 

The problem is readily transformable into tliat of constructing a straight 
line equal in length to that of a circle hav^ a given diameter, or that of 
finding the exact ratio of the circle to the diameter. 

Mathematicians for a long time thought the problem capable of solu^ 
tion. The P3rtbagoreans attacked it in vain, and it baffled the genius of 
Archimedes himself. 

An early approximation of t was 3. (I Kings, yii. 23 ; II Chron. 
iv. 2.) 

Ahmes, an Egyptian mathematician (1700 b.c.), gave the value of t 
at 3.1604. 

Archimedes of Syracuse (287-212 b.c.) found t to be between 3^ 
and 3}. 

Metius (1627-1607) used t = fff. 

Ptolemy of Alexandria gaye,3rl^76 as the value. 

Ludolph Van Ceulen (1640-1610) computed the value of t to 36 places, 
a performance at that time extraordinary. On this account it is called 
by the Germans the " Ludolphian Number." 

Vega (176^1802) carried the value to 140 places ; Dase to 200 places ; 
Hichter to 600 places ; and i^jb^ks, an English mathematician, carried it 
in 1873 to 707 places. 

Lambert of Alsaciei in 1761 demonstrated the irrationality of x, and 
finaJly Lindemann in 1882 proved t to be a transcendental irrational. 



On a given line as a side, 

Ex. 468. Construct a square. 

Ex. 469. Construct a regular pentagon. 

Sz. 470. Construct a regular hexagon. 

Given the radius of a circle = 10 ft. 

Ex. 471. Find the area of an inscribed equilateral triangle. 

Ex. 472. Find the area of an inscribed square. 

Ex. 473. Find the area of an inscribed regular pentagon. 
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MAXIMA AND MINIMA. 

507. Def. a mazimttm is the greatest, and a minimttm the 

least of all magnitudes of the same kind. 

508. Dep. Isoperimetric figures are those of equal perimeters. 

Proposition XX. Theorem. 

509. Of all triangles having tivo given sides, that in 
which these two sides are perpendicular is the maximum. 






EH D E D H 

Given two As, ABC and D£F, in which AB = D£, AC = DF, 
^ A, a rt. i^, and i^ D^ an oblique i^. 

To prove A ABC > A DEF. 

Proof. Draw i^'il-L DjE; or D^ produced. §114 

Then FH < DF. §116 

.\FH<Aa 

.-. A ABC > A DEF. § 427 

Q. E. D. 



Ex. 474. Find the side of a square equivalent to the sum of three ^ 
squares whose sides are, respectively, 6 ft., 12 ft., and 84 ft. 

Ex. 475. Find the area of the circle whose radius is 12 ft. 

Ex. 476. Find the area of the circle whose length is 28 ft. 

Ex. 477. Find the diameter of the circle whose length is 68 ft. 

Ex. 478. The radius of the inscribed circle of an equilateral triangle is 
half the radius of the circumscribed circle. 

Ex. 479. The radius of the inscribed circle of an equilateral triangle 
is one third the radius of an escribed circle. 
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Proposition XXI. Theorem. 

510. Of all equivalent triangles on the same base the 
isosceles triangle has the least perimeter. 



Given equivalent A s ABC and ABD, in which AC = BC. 

To prove the perimeter of A ABC < the perimeter of A ABD, 
Proof. Draw CE II AB. § 154 

Then since As ABC and ABD have the same base and 
equal areas, they have equal altitudes. § 427 

Therefore CE passes through D. 

Produce AC to F, making CF=: AC Draw FB cutting CE 
at E, and draw FD, 

Because C is the mid-point of AF and CE is II AB, Cons. 

FE = BE. § 179 

.-. CE is the ± bisector of BF. § 109 

Hence DF=BD. §108 

AF<AD + DFy §86 
or AC -}- BC < AD -^ BD. 

.*. perimeter of A ABC < perimeter of A ABD, Q. E. d. 

511. Cor. Of all triangles of equal areas the equilateral tri- 
angle has the least perimeter. 
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Pboposition XXII. Theorem. 

512. Of all isoperimetric triangles on the same hase^ 
the isosceles triangle is the maximum. 



Given the isosceles A ABC and the scalene A ABD, hayins^ 
equal perimeters. 

To prove A ABC > A ABD. 

Proof. Through C draw MN II AB. § 154 

Then if vertex D fell on MN, the altitudes of the two As 
would be equal and, therefore, their areas equal. § 430 

Then the perimeter of A ABD would be greater than perim- 
eter of A ABC, which is contrary to the hypothesis. § 510 

Similarly, if vertex D fell on the opposite side of MN from 
AB, the perimeter of A ABD would be still greater than perim- 
eter of A ABC, which is also contrary to the hypothesis. 

.*. D and AB are on the same side of the line JOT; hence the 
altitude of A ABD < the altitude of A ABC. 

.'.A ABO A ABD. §427 

Q. E. D. 

513. Cor. Of ail isoperimetric triangles the equilateral tri- 
angle is the maximum. 

Sz. 480. The area of an inscribed equilateral triangle is one fourth the 
area of the circumscribed equilateral triangle. 

Bz. 481. The area of an inscribed square is half the area of a drcom- 
■eribed square. 
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Proposition XXIII. Theorem. 

514. Of all polygons having all sides given hut one^ 
the maximum can he inscrihed in a semicircle having 
the undetermined side as diameter. 




Given ABCDEF, the maximum of all polygons having the given 
sides, AF, F£, £D, DC, and CB and AB the undetermined side. 

To prove AB is the diameter of the semicircle in which ABODE F 
can be inscribed. 

Proof. From any vertex D, draw AD and BD. 

Then A ADB must be the maximum of all As that can be con- 
structed with the sides AD and BD, for otherwise by increas- 
ing or decreasing ^ ADB, the A ABD can be increased, while 
the other parts of the polygon, BCD and ADEF remain un- 
changed. Thus the area of the polygon ABODE would be 
increased, which is contrary to the hypothesis that ABODE is 
the maximum. . ^^ ^^ ^ ^.^ ^ g ^^^ 

.'. D lies on a semicircle whose diameter is AB. § 291 

In like manner it is proved that the other vertices, O, E, and 

F, lie on the semicircle whose diameter is AB. Q. e. d. 



Ex. 482. The area of an inscribed regular hexagon is } the area of the 
circumscribed regular hexagon. 

Ex. 483. The area of an inscribed equilateral triangle is half the area 
of the inscribed regular hexagon. 
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Proposition XXIV. Theorem. 

515. Of all polygons constructed loith the same given 
sides, the cyclic polygon is the maximum. 

D 





Given the cyclic polygon ABODE and the polygon A'B'C'D'E^ 
which has its sides equal, respectively, to the sides of ABODE, 
but which is not cyclic. 

To prove ABODE > A'B*C'D'E\ 

Proof. From any vertex E of ABODE draw the diameter 
EH and draw HB and HO. 

Upon B'O' construct AB'CH' ^ABOHsind draw E'H'. 



Then 
and 

Adding, 

But 

Subtracting, 



EABH > E'A'B'ffy 
EHOD>E'H'0'D'. 
ABHODE > A'B'H'O'D'E'. 
A BHO ^ B'HO'. 
ABODE >A'B'0'D'E'. 



§514 

Cons. 
Ax. 6 

Q. E. D. 



Ex. 484. The area of an inscribed regular dodecagon is three times the 
square of the radius of the circle. 

Ex. 485. The square of the side of an inscribed equilateral triangle is 
three times the square of the side of the inscribed regular hexagon. 

Ex. 486. The area of an inscribed regular hexagon is the mean pro- 
portional between the areas of the inscribed and the circumscribed equi- 
lateral triangle. 

Ex. 487. The square of the side of an inscribed equilateral triangle is 
equal to the sum of the squares of the sides of an inscribed square and 
inscribed regular hexagon. 
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Proposition XXV. Theorem. 

616. Of all isoperimetric polygons of the same num- 
her of sides the maximiiin is equilateral. 



Oiyen ABCD etc., the miixinmin of isoperimetric polygons of 
any giren number of sides. 

To prove ABCD etc, is equHatercd. 

Proof. Draw EC. 

The A CED must be the maxiniiim of all isoperimetric As 
constructed on the base EC, otherwise a A CHE could be 
substituted for A CDE without changing the perimeter of the 
polygon. 

But this is contrary to the hypothesis that ABCD etc. is 
the maximum polygon. 

.*. A CED is isosceles. § 512 

.•. CD = ED. 

Similarly it is proved that any two sides of the polygon are 

equaL 

•*. ABCD etc. is equilateral Q. e. dl 

517. Cor. The maximum of isoperimetric polygons of the 
sam£ number of sides is a regular polygon. 

For the maximum polygon is equilateral (§ 516) and is cyclic 
(5 515) and is therefore regular (§ 455). 
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Proposition XXVI. Theorem. 

518. Of isoperimetric regular polygons^ that which 
has the greatest number of sides is the maadmum. 





A. J) B 

Given ABC a regular polygon of three sides, and Q, a regular 
polygon of four sides, having its perimeter = that of ABC. 

To prove Q>ABG. 

Proof. Draw CD from C to any point in AB, 
Construct A CED having CE = AD and DE = AG. 

Then A CED ^ A CAD. § 123 

.*. quadrilateral BCED = A ABC and has the same perim- 
eter as A ABC. 

But quadrilateral BCED < Q. § 517 

.-. Q > ABC. 

In like manner it is proved that Q < a regular polygon of 
five sides having the same perimeter, 'etc. q. e.d. 

519. Cor. The area of a circle is greater than the area of 
any polygon whose perimeter is equal to the circle. 



£z. 488. Circumscribe an equilateral triangle about a given circle. 

Ex. 489. Given radius = 10, find the area of an inscribed regular hexagon. 

Ex. 490. Given radius = 10, find the area of an inscribed regular dodec- 
agon. 
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Pboposition XXVII. Theorem. 

5180. Of all regular polygons having a given area, 
that which hus the greatest number of sides has the 
least perimeter. 







/> r- f- , 



Given P and Q, regular polygons having the same area, and P 
having the greater number of sides. 

To prove perimeter of Q^ perimeter of P. 

Proof. Let jB be a regular polygon having the same perim- 
eter as P and the same number of sides as Q. 

Then P> R §518 

But P = Q. Hyp. 

.-. Q > ^. 

.*. perimeter of Q > perimeter of B. 
But • perimeter of P = perimeter of R. '"■'.'' Hyp. 

^ ■■ ■• 

.•. perimeter of Q > perimeter of P. ~ q. e. d. 

521. Cor. A circle is les9 than the perimeter of an equivalent 
polygon. 



Ex. 491. Find the area of an equilateral triangle whose side is 6 ft 

Ex. 492. Find the area of a square whose side is 8 ft. 

Ex. 493. Find the area of a regular hexagon whose side is 12 ft. 
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Sz. 494. Two diagonals of a regular pentagon not 
drawn from the same vertex divide each other internally 
in extreme and. mean ratio. 

AABC-^AABF, .\ AC : AB = AB : AF. 
^ CFB = ^ CBF, .-. CF=BC = AB. 

Sz. 496. The greater segment of the diagonal of a regular pentagon, 
divided internally in extreme and mean ratio, is equal to a side of the 
pentagon. 

Ex. 496. Construct a regular pentagon, having given a diagonal. 

Ex. 497. The area of ah inscribedr regular octagon is equal to the 
product of the diameter of the circle by the side of the Inscribed square. 

Area octagon = 8 A^O^ = ^C^^x ^^) = BF x AC. 





Ex. 498. The area of the circle on the hypotenuse of a right triangle 
as diameter is equal to the sum of the areas of the circles on the legs as 
diameters. 




Ex. 499. The area of the figure (crescent) formed by describing a 
semicircle on the chord of a quadrant is equal in area to the triangle 
formed by the chord and two radii. 

area O on BC = area O on 0(7 + area O on OB (Ex. 498) 

= 2 area O on OC 

= } area O on CD, 

.'. area semicircle oh BC=i area O on CD = quadrant OBC. 

From fie. OBFC take semicircle on BC and from the same figure take 
quadrant OBC. 
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Ex. 500. The sum of the areas of the two crescents formed by semv 
circles described outwardly on the legs of a right triangle and the semi- 
circle on the hypotenuse is equal to the area of the triangle. (Theorem 
of Hippocrates.) 



^ 




Ex. 601. If C is a point on the line AB and semicircles are described 
with diameters AB^ AC, and BC, and CD is drawn perpendicular to AB 
and terminated by the semicircle on AB, the area bounded by the three 
semicircles is equal to the area of the circle on CD as diameter. 

Ex. 602. If two chords of a circle are perpendicular to each other, 
the sum of the areas of the four circles on the four segments as diameters 
is equal to the area of the given circle. 




Ex. 603. The area of a circular ring is equal to the area of the circle 
whose diameter is a chord of the outer and a tangent of the inner circle. 

Ex. 604. Construct a circle equal to the sum of two given circles. 

Ex. 505. Construct a circle whose area is equivalent to the sum of the 
areas of two given circles. 

Ex. 506. Construct a circle equal to the difference of two given 
circles. 

Ex 507. Construct a circle whose area is equal to the difference of 
the areas of two given circles. 

Ex. 508. Construct a circle equal to three times a given circle. 
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Ex. 509. Construct a circle whose area is three times the area of a 
given circle. 

C 




EXb 610. The nine-point circle of a triangle bisects every line from 
the orthocenter to the circumscribed circle. 

Let iTbe the orthocenter, P the circumcenter, and G the center of the 
nine-point circle. Let a line cut the circumscribed O at i2 and Sy and 
the nine-point O at iV and M. 

GN=GM=iPS (Ex. 360). PG = GK (Ex. 361). 
The line from G to mid-point of KJS is II PS and ==iPS and the line 
from G to mid-point of KB || PB and = | PB. § 178 

.*. NsLud Jf are mid-poinu of KB and K8. § 119 




Sz. 611. The line from the vertex of an angle of a triangle to the 
point in which an altitude to one of its including sides intersects the 
circumscribed circle is equal to the line from the vertex to the ortho- 
center. 

Apply Ex. 312 and Ex. 510 to show that CB is the ± bisector of KD. 




Ex. 612. The three circles, each of which pajsses through two vertices 
and the orthocenter of a triangle, are each equal to the circumscribed 
circle of the triangle. 

Prove A BKA & A BFA. 
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Ex. 613. Each center of the inscribed circle and an escribed circle of 
a triangle is the orthocenter of the triangle having the other three points 
as vertices. 




Show that Aq ± PB, BB ± PQ, and CP± QB. 




Ex. 614. The circumscribed circle of a triangle is the nine-point 
circle of each of the four triangles formed by joining the incenter and the 
excenters of the triangle. 

A^ B, C, are feet of altitudes of As OBQ, OPB, PQB, OPQ. 

Ex. 515. The circumscribed circle of a triangle bisects the lines 
(between the incenter and each excenter of the triangle, and also the line 
between any two excenters of the triangle. 

Apply Exs. 614, 513, and 510. 

Ex. 516. The four circles, each of which passes through three of the 
centers of the inscribed and escribed circles of a triangle, are equal. 




Ex. 517. In a cyclic quadrilatei*al the product of the diagonals is 
equal to the sum of the products of the opposite sides. (Ptolemy^s 
Theorem.) 
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Draw DE, making "^ CDS = "^f. ADB, then A ABD^ AGED and 
ABCD^AAED, 




Ex. 618. If the diameter of a circle is divided into any two segments, 
and apon these se^ents as diameters semicircles are described upon 
opposite sides of the diameter, the semicircles divide the area of the circle 
into parts which have the same ratio as the two segments of the diameter. 




Ex. 519. Divide the area of a circle into three equivalent parts by 
describing semicircles on segments of the diameter. 

Ex. 520. Divide the area of a circle into three equivalent parts by 
conceniric circles. 




Ex. 521. If the diagonals of a cyclic quadrilateral are perpendicular to 
each other the line through their point of intersection perpendicular to 
one side bisects the opposite side. 

Ex. 522. Two quadrilaterals are equal in area if their diagonals are 
respectively equal and make equal angles with each other. 

Ex. 523. In the quadrilateral ABCD, given AB = 11, BC = 13, CD = 
16, DA = 7, and AC = 20. Find the diagonal BD. 

Ex. 524. The sides of a triangle are to each other as 3:4:6 and the 
altitude to the longest side is 48 ft. Find the area of the triangle. 

Ex. 525. The apothem of a regular inscribed pentagon is equal to half 
the sum of the radius of the circle and the side of the regular inscribed 
decagon. 
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Ex. 626. Compute the side of the square equivalent to the sum of two 
triangles, the sides of the first being 6 ft., 26 ft., and 29 ft., respectiyely, 
and the sides of the second being 8 ft., 29 ft., and 35 ft., respectively. 

Ex. 627. One side of triangle is 16 and its perimeter is 96. The homol- 
ogous side of a similar triangle is 24. What is its perimeter? 

Ex. 628. Two polygons, P and Q, are similar. The ratio of their 
perimeters is 1 : 3. What is the ratio of their areas ? 

Ex. 629. If the radius of a circle is E and the side of a regular in- 
scribed polygon is a, then the side of a similar circumscribed polygon is 

V41?a-a2* 

Ex. 630. If two consecutive angles of a quadrilateral are right angles, 
the bisectors of the other angles are perpendicular. 

Ex. 631. If two opposite angles of a quadrilateral are right angles, the 
bisectors of the other angles are parallel. 

Ex. 632. Divide a given quadrilateral into two equivalent parts by a 
line through a vertex. 

Ex. 633. Divide a given triangle into two parte having a given ratio by 
a line drawn parallel to the base. 

Ex. 634. If a trapezoid whose bases are 18 and 82, and altitude 28, is 
divided into two equivalent parte by a line drawn parallel to the bases, 
what are two segmente of the altitude made by such line of division ? 

Ex. 636. The line joining the mid-pointe of the bases of a trapezoid 
passes through the point of intersection of the diagonals. 

Ex. 636. The point of intersection of the legs of a trapezoid, when 
produced, the mid-pointe of the bases, and the point of intersection of the 
diagonals are harmonic points. 

Denoting the area of a triangle by A, the perimeter by 2«, the sides by 
a, b, c, the altitudes by ^i, ^, hz, the radius of the circumscribed circle 
by B, the radius of the inscribed circle by r, the radii of the escribed 
circles by ri, r2, n : 

Ex. 637. Given a = 12, 6 = 17, A = 90, to find c. 

Ex. 638. Given s = 64, A = 234, ri = 6, to find a, b, and c, 

Ex. 639. Given a = 17, r2 = 30, ^3=15, to find b and c 
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Ex. 540. Given A = 90, r2 = 9, rs = 46, to find S, 

Ex. 541. Given « = 16, A = 24, n = 2, to find rs. 

Ex. 642. Given a = 30, & = 74, c = 88, to find A. 

Ex. 543. Given « = 40, A = 180, 6 = 30, to find B. 

Ex. 544. Find the area of the sector of a circle whose central angle is 
72^, the radius of the circle being 22 ft. 

Ex. 545. If the diameter of a circle be divided into any number of 
segments and circles be described upon these segments as diameters, the 
sum of these circles is equal to the original circle. 

Ex. 546. Describe circles about the vertices of a given triangle 
as centers, so that each circle shall be tangent externally to both the 
others. 

Ex. 547. The polygon formed by the diagonals of a regular pentagon 
is itself a regular pentagon. 

Ex. 548. The diameter of a circle is 8 ft. What is the diameter of a 
circle' whose area is 9 times as large ? 

Ex. 549. How many revolutions will a wheel 4 ft. in diameter make 
in going 2 mi. ? 

Ex. 550. Given three equal circles of common radius B, each tangent 
to the other two. Find the area bounded by the circles. 

Ex. 551. The perimeter of a triangle is to one side as the altitude to 
that side is to the radius of the inscribed circle. 

Ex. 552. The area of the square formed by the bisectors of the angles 
of a rectangle is equal to half the area of the square on the difference of 
the sides of the rectangle. 

Ex. 553. If the comers of a square are cut off so as to leave a regular 
octagon, the side of this octagon is equal to the difference between the 
diagonal and the side of the square. 

Ex. 554. If AB is the diameter of a circle and the chords AC and BD 
intersect at P, then Aff =zACx AP+BD x BP. 

Ex. 555. Construct a square that shall have a given ratio to a given 
hexagon. 



